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for elementary calculus. The “calculus with analytic geometry” titles of many

introductory texts allude to the reliance on pictorial images in the development
of the derivative and the definite integral. While geometric considerations dominate most
presentation of the trigonometric functions and their derivatives, there is a near universal
switch to algebraic methods for the introduction and study of the inverse trigopnometric
functions (seed], [3], and so on). This note shows how the geometric ideas used in the
definitions of the definite integral, the trigonometric functions, and their derivatives may
be continued in the discussion of the corresponding inverse functions. Reference will be
made to the relation of these geometric ideas to the development of the theory of elliptic
functions and to Euler’s method of finding algebraic addition theorems for circular,
hyperbolic, and lemniscate sines.

Geometric interpretations of algebraic quantities provide an essential motivation

“Typical calculus” versus the arcsine as arc length

Taking [6] and 8] as our models, we note that in the typical modern textbook, after

the definite integral has been defined, the applications include the area between two curves
and the arc length formula. Since few integration techniques are available, the arc length
problems are restricted to “nice” curwes= f(x)  such that the inté@téi + f/(x)? dx

is particularly simple and sometimes an author’s apology is offered for the lack of
interesting applications (se8|[p. 429).

The introduction of the trigonometric functions follows a review of radian measure as
arc length measured from the poiht0)  on the unit cix€le y? = 1. The sine and
cosine of a real numbeér are defined as the coordinates of the>pgint on the unit
circle 6 radians fron{l, 0) (seadure 1). Then the properties of sth and ¢bs are
derived from the symmetries of the circle and the other trigonometric functions are
defined in terms of the sine and cosine. The derivatives of the sine and the cosine are
found as consequences!}bfg(sin 0)/6 = 1.  This limit is established by equating arc

length along the edge of the unit circle with the area of the sector determined by the
arc(in Figure 2p = 2 - area AOB) and then squeezing this area between two triangular
regions.

After studying the calculus of the six trigonometric functiétigx)"), the corresponding
inverse functiong"f ~1(x)") are sought by reversing the gréphs f(x)" becomes

"x = f~1(y)"), making arbitrary choices for the “principal values” (sék pp. 295-6),

and then calculatin®,(f~%(x)) from the identitlyf~%(x)) = x.



glapl=1 f (x, vl ={cosf, sin#)

! | '.FI i
) IJ_ II

[ (roy

- o {0, 0y

Ficure 1 FIGURE 2

RN
.r'i-" '“—__x:\".{ 1—», v
|

[ 1',I"| " .;-3: ¥l |||l } | ] \
.
[

\ /
N yd
~ ,f

— | -
|

FiGure 3 FIGURE 4

In contiast to e&ploiting the deihitions and popeties of irverse functionsthe acsine
function can begproahed in a mae geometic way. Since sind was deiihed as they-
coorinae of the point on the unit cle an ac length of§ away from (1, 0), a
geometic attempt to ivert this function vould ask‘given tha the second codmate of
the point isy, from what arc length did it come?There ae two “small” ansvers to this
qguestion (seeigure 3) and then imiitely more s@arted from eab other ly multiples
of 27r. The“principal value” of the irverse sine function nyabe intoduced nturally as
the smallest distancedim the stiing point, (1, 0), tha will work, and this atr length
may be called théarc sine ofy” and witten “arcsin {y)” or the“inverse sine of/” and
written "sin—1(y)." We will use the‘arcsine” notaion for the emainder of our
discussionThus the assine function has esin(y) = 6 where —7/2 < 6 < 7/2 and
sing = y.

Since acsin {y) is an ac length,the ac length brmulaf:\/l + f/(t)2 dt can be pplied
tof(t) = V1 — t?fromt = 0tot = y (seeFIGURE 4) to ind tha

arcsin(y) = f AT F02 it

y t2
= [ 1+
fo 1 1= tzdt
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and thenpy the Fundamentdlheoem of Calculusit follows tha

D,(arcsin(y)) = %yz

Since acsin(1) = 7/2, we also hae a simple xample of an imgper intgral:
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For the irverse tangnt,a similar agument yields an atangent function
arctan(w) = 6 with principal value—7/2 < 6 < 7/2 sud tha arctan{) is the
distance along the unit cle from (1, 0) to the point(x, y) with y/x = w. Since
X = 1 —y? we can soley/x = wto findy = w/+/1 + w2 From the at length
formula (1) we have

w/ 1+ w? 1
arctan(w) = J dt

s  Ji-e®
Making the diang of variablet = u/+/1 + u? so that = 0 whenu = 0 and
t=w/V1+ w?whenu = w, we find tha

W 1
arctan(w) fo J1+u i1+ P du

W
1
_Jol+u2du’

1
1+ w?

and so

D, (arctan(w)) =
For the iverse secant ofv (where |w| = 1), if we seek the smallest poséiac length
from (1, 0) to the point with if st coodinae 1/w, we obtain an aisecant function
arcse¢w) = 0 with principal valueO < 0 < w/2and#w/2 < 0 < m. Forw > 1, the ac
length 6 is /2 — ¢ (seeFIGURE 5) so we have

arcsec(w) = T _ acs n(1/w)

2
and so
1 -1
D, (arcsec(w)) = TS wE W

1
————forw > 1.
woW2 — 1 ~

Forw < —1, we hare by symmety tha

arcsec(w) = 7 — arcsec(—w)



and so
D, (arcsec(w)) = —D,,(arcsec(—w))
and thus

1
DW(arcsec(w)) = m for |W| > 1.

(We omit discussion of the@fmula
JW2—1/w 1
|

ﬁdt forw=>=1
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as it esults in a subtle impper intgral calculdion.)

The formulas br the irverse cosingcotangnt,and cosecant can be obtaingd b
similar aguments.

Area and the acsine
Let us nev study the acsine as an aa. LetO < y < 1 be gven and leA denote the

area boundedpthe linex(t) = (r\/l - y2/y) - t, the cicle x(t) = /1 — t3, and the
x-axist = 0 (seeFIGURE 6). Since ar length along the eégof the unit cicle equals
twice the aga of the sector detemned ly the ac, we have thd

arcsinly) =2 - A
f(\/l—t2 )dt

=2-J‘\/1—t2dt—y\/1—y2. (2)
0
Differentiging (2), we hae

Dy(arcsin(y)) = V1 —y* + %yz
!
S V1I-y?



as bebre.

Alternatively, our integral expression (2) ér arcsin(y) provides a motiating example br
the intgration by pais formula fu - dv=u-v — fv - du. Lettingu = /1 — t> and
dv = dt, we have

[Vi—td=t/1-¢- ftl_ﬁm

=tJ/1- € — f 1_1ti)t2 Lot

=t\/1—t2—f\/l—t2dt+fﬁdt
o)
2f\/1—t2dt=t\/1—t2+f;dt
J1—-1
But then

y
awmwzz-JvT??m—yJT??
0

Yy
1
=y\/1—y2+f—mdt—y\/l—y2
0
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as bebre.
This development of the asine as the an boundedybthe x-axis, the circle
X(t) = V1 — t?fromt = 0tot =y, and the line fom the oigin to the point
(\/1 -V y) may be adated to the fperbolax(t) = /1 + t? to find the“inverse

hyperbolic sine”sinh~%(y) = In|</1 + y? + y|. However, unlike the cicle, there is no
simple eldion between ac length and &a br the lyperbola (se€]], 86 and 7; ér a
representdon of ac length on the yperbola,see [], 860,and the caesponding
geometic constuction is 861). On the other hgradsimilar pocedue to deelop a
“lemniscde sine”using the lemnisda instead of the ale must be caied out in tems
of arc length (see4], 8§8).

Rationalization of the arcsine

We naw tum to the poblem of expressing the ingrand in (1) as aational function; tha
is, we wish to &pressl — t? as the squarof a ational function. If in the two-variable
representdon of Pythgorean tiples,

(a2 — b?)? + (2ab)? = (a2 + b?)?, (3)
we leta = 1 andb = u then
(1-w)?=(1+uw)?— (2u)?



or

(1—u2>2_1_< 2u >2
1+ w2 1+ w2’

and so the substitutian= 2u/(1 + u?) will result in

ﬂ _ 1 - U2
1+ u?
and
B 1+ uv)(?2) — (2u)(2u) o, 1- u?
dt = 1+ 22 du = 2—(1 P du.

Then the indenite integral [1/</1 — t2 dt becomes
1+ | 1-—u? B 1
1—u2'4(1+u2)20|u_2 J1+u2du
and the intgrand has beerationalized Solvingt = 2u/(1 + u?) for u, we find tha

u=(1+ I - )/t Equaingt with sin 6, we see tha./1 — t2 = cos § and the
expression or u with the mirus sign becomes
u=(1-cos@)/sino = tan(6/2)

and we hare deived the"u = tan(6/2)" substitution br the etionalizaion of
trigonometic integrals. (Compae this deelopment with the typicdit has been
discovered tha ..” treament in ], p. 368.)

Euler's sine sumdrmula

In the intoductol section of §], Siegel descibes Fagnanos stug of arc length on the
lemniscae (which follows our deelopment of the asine of the cule) and specutas
tha Fagnanos 1718 disceery of a ggometic constuction to douke aic length on the
lemniscae resulted fom his dempt to etionalize the intgrand of the lemnisda sine
Thirty-five yeass laer, Euler ectended Bgnanos douliing theoem to an algoraic
addition theoem for the lemnisc sine and he shity thereafter gnealized his
discovelry to elliptic integrals. Sigel ([5], p. 10) descbes the aim of higrist dhagpter to
be the fuller undetanding of Eules result flom the vievpoint of anaytic functions on
their full domain of dehition. We condude our discussion of theasine with Eules
algebraic adlition theoem for the acsine adpted flom 8585 and 586 o] (see also
[2], CaoutVI for Eulers stug of elliptic integrals; (], Chapter 4; and %], §2).

Let —7/2 < 7 < w/2 be aixed angle and let 7/2 < 6, ¢ < 7/2 be ay two angles
with 8 + ¢ = 7. Since the sun® + ¢ is constantd(6 + ¢) = 0, and if we set
u = sin  andv = sin ¢, we can ewrite d(0 + ¢) = 0 as

Y dt Vooodt
d(JoJl—tﬁfoJl—tZ):O

and so w hae the diferential eqution




du n dv
J1I-w@  J1-v

We seek an a#dpraic solution of (4) subject to the conditiontlat ¢ = .

0. (4)

Euler’s main obsefation was thaif we bein with the symmetc second-aiter equéon
u? + 2auv + V2 = K?, (5)

where a andK are constantsye can complete the sgeaon the left side in eitheror v.
In the irst casewe hae

w + 2auv + ad? = K2 + (a2 — 1)V?,
so tha

u+av= JK2+ (a2 — I3 (6)
while in the secondve hare

V2 + 2auv + a%u? = K? + (a2 — 1)u?,
so tha

v+au= K2+ (a2 — HUa (7)
If we differentige equéon (5),we find

2udu + 2avdu + 2audv + 2vdv = 0O,

which becomesafter collecting tens and using (6) and (7),

du N dv _
VKZ+ (@2 - )2 JKZ+ (a2 — 1)\2
If we seta? — 1 = —K? then equfion (8) is the same as (4) andase /1 — K2,
If we can sole (5) or K using this alue ofa, we will find an algbraic solution of
(4) tha expresses the constaraluesin(f + ¢) in terms of sing and sing.

0. (8)

Substituting our &lue br ainto (5) and earangng, we hae
W+ v —K2=—-2J1—- Kav
and squang both sidesiges
(U? + v?)2 — 2K2(u? + V) + K* = 4(1 — K2ud2, 9)

By settinga = u andb = v in equdion (3) and solvingdr (u2 + v2)?, we can ewrite
(9) as

(U2 — v3)? — 2K2((u2 — v3) — 2ud2) + K4 = 0. (10)
Since (10) is a quadic in K2, we can complete the sgeawith respect td&k? to obtain
(K2 + (2ua2 — (12 + v?))? = (12 + v2) — 2u3?)? — (U2 — v2)% (11)

By expanding collecting tems,and emaoving common &ctoss, the light side of (11)
may be ewritten as4u2(ud? — (u? + v3) + 1). Taking squae roots,we find

K2 = (U2 + v — 2032 + 2uv/(1 — 31 — V3. (12)




Regrouping the gpression(u? + v?) — 2uA? as(u? — ud?) + (V2 — Vv2u?), we see
tha the ight side of (12) is a pegtt squag and so

K=uJv1-v+vJ1l- % (13)
Changng badk to anglesK is the constargin( + ¢) while /1 — v2 =
V1 —sin?¢ = cos ¢ and</1 — u? = cos 0 so we hare the sine sunofmula

sin(6 + ¢) = sinfcos ¢ + sin ¢ cos 6. (14)

Since theiked \alue ofr played no parin our calculéions,we have estalished
(14) for ary .
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