










16.3: PARTIAL DERIVATIVES

(Mathematica was used to produce these computer graphics.)

Note: The coordinate axes are oriented in an unusual way:

The large black dot indicates the point (1, 2, 3).

Figure #1: Graph of f x y x y,( ) = - +5 2 3

Figure #2: The tangent plane to the graph of  f  at (1, 2, 3)

Figure #3: Combining #1 and #2

Figure #1 Figure #2

Figure #3
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Answers
(not necessarily simplified):
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Product rule and chain rule
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Square of below

As in 2), write 
y

if you need the chain rule.
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Trig powers, power rule, chain rule (twice!)
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As opposed to 6), we don©t need the power
rule here until the end.



8 1

1

1 1
2

2 2
2 2

2 2

2 2
2 2

1 2

2 2
2 2

1 2
2

) ln

/

/

∂
∂

+ =
+

∑ ∂
∂

+

=
+

∑ ∂
∂

+

=
+

∑ + ∑ ∂
∂

Ê

Ë

Á
Á

ˆ

¯

˜
˜

Ê

Ë

Á
Á

ˆ

¯

˜
˜

Ê

Ë
Á
Á

ˆ

¯
˜
˜

È

Î

Í
Í
Í
Í
Í

˘

˚

˙
˙
˙
˙
˙

Ê

Ë
Á
Á

ˆ

¯
˜
˜

-

y
x y

x y y
x y

x y y
x y

x y
x y

y
x ++

=
+

∑ + ∑

∂
∂

= ∑ ∂
∂

Ê

Ë
Á
Á

ˆ

¯
˜
˜

Ê

Ë
Á
Á

ˆ

¯
˜
˜

Ê

Ë
ÁÁ

ˆ

¯
˜̃

-

y

x y
x y y

y
blah

blah y
blah

2

2 2
2 2

1 2
1 1

2
2

1

/

ln( )Rule: 

Roots as powers, power rule, chain rule 























































16.8.9

PART E: FOOTNOTES

Extending the 2nd Derivative Test

If you have a nice function of n variables, you will construct an n x n
real symmetric matrix consisting of nth-order partial derivatives; such
a matrix only has real eigenvalues. When classifying a critical point
(CP), we consider the signs of the determinants of all the upper left
square submatrices (1 x 1, 2 x 2, etc.).

• If they are all positive, the matrix is called positive definite, and all
of its eigenvalues are positive. The CP corresponds to a local min.

     +
+
       

• If they alternate in sign from negative to positive, etc., the matrix is
called negative definite, and all of its eigenvalues are negative. The
CP corresponds to a local max.

     −
+
       

• If they are all nonzero, and neither of the two above configurations
occur, then the CP corresponds to a saddle point (SP).

Observe that the notes on 16.8.4 are consistent with all of this.



16.8.10

Defining a Saddle Point (SP)

The Harper Collins Dictionary of Mathematics:
“A point on a surface that is a maximum in one planar cross-section
and a minimum in another.”

Visualizing a hyperbolic paraboloid helps.

The definition may vary. Are degenerate "ties" allowed along a cross-
section, like for horizontal lines? Also, for example, are the points
along the y-axis saddle points if we have the graph of the "snake
cylinder" 

  
f x, y( ) = x3 ?

Orientation of axes: < x
y

That's debatable. Using the Harper Collins definition, I don't believe
they would be; the thing just doesn't look like a "saddle" along the y-
axis. But it is true that there are higher and lower points "immediately
around" those points. Incidentally, D = 0 everywhere for this function,
so the 2nd Derivative Test says nothing.

See: http://en.wikipedia.org/wiki/Saddle_point



























f(x,y) = x2 - y2

(A Hyperbolic Paraboloid; “Saddle”)

Contour Plot



f(x,y) = 4 – 3x + 2y

The x-slopes are –3 everywhere (i.e., at all points on the plane); the y-slopes are 2 everywhere.

If we fix any y-value (for example, y = 0, which corresponds to the x-axis), we get a
cross-sectional line with a slope of –3 in the x-direction.

If we fix any x-value, (for example, x = 0, which corresponds to the y-axis) we get a
cross-sectional line with a slope of +2 in the y-direction.



f(x,y) or z = x4 + y2

I've plotted the points (2, 3, 0) and (2, 3, f(2,3) = 25), which lies on the surface.

If we fix y to be some value k, we get f(x,k) = x4 + k2 = x4 + some number. Then, the
corresponding cross-section is a steep quartic (fourth-degree) curve.

If we fix x to be some value k, we get f(k,y) = k4 + y2 = some number + y2. Then, the
corresponding cross-section is a not-as-steep quadratic (second-degree) curve.



Here's the corresponding contour diagram:

It turns out that fx(2,3) = 32 and fy(2,3) = 6; it makes sense that the former is larger, since
f(x,y) is a quartic in x but only a quadratic in y. The surface is much steeper in the x-
direction than in the y-direction starting from (x=2,y=3). Given that the x- and y-scales
are the same in our diagram, it is no wonder that the contours are closer in the x-direction
than in the y-direction. In both directions, the contours are getting closer as we move
away from (x=0, y=0), indicating that the surface becomes steeper and steeper as we
move away from (x=0, y=0).

We have that grad f(2,3) = [fx(2,3)]i + [fy(2,3)]j = 32i + 6j. Note that this gradient pretty
much points in the x-direction, with just a little tilt towards the y-direction. This makes
sense, since [like a magic compass arrow] the gradient points in the direction where f
increases most rapidly from the point you're at.
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