MIDTERM 4 SOLUTIONS

(CHAPTERS 5 AND 6: ANALYTIC & MISC. TRIGONOMETRY)
MATH 141 - FALL 2018 - KUNIYUKI
150 POINTS TOTAL: 47 FOR PART 1, AND 103 FOR PART 2

PART 1: USING SCIENTIFIC CALCULATORS (47 PTS.)

1) Find the length of Sidé for the triangle below using the Law of Sines.
Round off your answedp the nearest tenth (that te ane decimal place) of an
inch. (7points)

Find AngleC: C=180! 72! 43 =65,

Use the Law of Sines
We now knowB, C, andc, and we want to find.

b _ ¢

B sin(B) sin(C)

b _ 23
We found this. sin(43) B s’n(65)
b_23$in(43)
4 5 C ~ sin(es)
b! [17 3inches

This makes sense, becawss shorter tha, and Angle
Bis S(nalley than Angl€. Remenber that larger angles
face OeatQonger sides in a triangl&lote: a! 24.1in.

2) Two beetles crawl out of a small hole in a wall (represented by P&iekow)
and then crawl along linear paths on the wall. When one beetle has crawled 6
inches on the wall and the other beetle has crawled 11 inches on the wall, they
are 9 inches aparfind the angle between the beetlesO paths. In other words,
find the measure of Angle for the triangle below. Use the Law of Cosines.
Round off your answer to the nearest tenth of a degree. Note: Anglgbtuse,
not right. (10 points)

b’ = a’+c’! 2accos(B) (Law of Cosnes)

a?+c2l b2 (6) +(11)°! (9)

111 B COS( B) i 2ac ) 2(6)(11)
e=111m; a=6in.

76 19 "
455 C = 132 = 33 (* 057579

%

B = cos'' o °in degrees ( |54.8° (Note:A( 33.0°, C( 92.1°)
#338

Here, you must b degree mode wherpressng the|cos ' | button.lgnoreOQuadrant

issuesO herbecause the range of the inverse cosine (or arccosine) funcEiGm@.




For the rest of Part 1, assume thandy are scaled in meters.

3) Find the<x, y> component form of the vecterthat has magnitude 15 meters

and direction angl&8. Round off thec andy components to the nearest tenth
of a meter (5 points)

= () = (ool

Think: ( 7 cos( ), rsin(!))

VHsin(!)> = <15005(38!), 155in(38!)> " <11.8 m, 9.2 m>

4) Letv be the vectodi +5j. (9 points total)

a) Find the unit vector in the direction of Write it in <x, y> component

form. Give anexact answer; dmot approximate! Rationalize
denominators in your answer. (5 points)

¥ The length (or magnitude) eofis: Hv H = ,/(4)2 +(5)2 = \/4—1 m.
¥ Normalizev. The unit vectom in the direction oW is:
u-= v = <415> :< 4 5 > = Aﬂ/ﬁ(m) 5\/4_1(m)
v a1 Ja1' Va1 41 41

b) Find the direction angle of Round off your answer to the nearest tenth
of a degree. (4 points)

Let ! be an appropriate choice for the direction angle. Thm(! ) =

oo
NN

The position vector fov liesin Quadrant I, so! also does, and weke

., #5& .
I = tan ?.@1( (though ve want thisin dsgrees) ) |51.3
Note Inverse trigonometric values are usually given in radians (corresponding
directly to real numbers), but we use degrees here.
5) Assume thay is a vector in the plane such tha¢ v =16. Find H \4 H (2 points)

V¥y=16! HVH2 =16 (by aDot Produd property) ! HVH: (meters)
(We take themonnegative root, since magnitudes asiénnegative.)
6) Assume that andw are two vectors ithe real plane. (4 points; 2 points each

a) (v¥w)w is E (Box in one) a scalar (Neither)

V¥Ww is a scalarand w is a vectoy sotheir product(with respect to scalar
multiplication of a vectorjs a vectorThink: OSV = VO

b) (v¥w)¥w is E (Box in one:) a scalar a vector |(Neither)
However, heir dot productis undefined Think: C8¥V is undefinedd



7) Consider the vectonsandw, wherev = <— 3, 5> andw = <2, ! 6>. Find the
angle betweewm andw using the formula given in class. Round off your answer

to the nearest tenth of a degree. (10 points)

Let 6 represent the desired angle.
("35)(2"6) ("3(2)+(5)("6) _ "6"30

) = [l - H<--3,5>||H<2,--6>H=J<--3)2+<5)2¢(2y+<--6)2‘Js’w%

) %
FRC YRS T——
8

¥Here, yYou must ben degree mode wherpresing the|cos
issuesO herbecause the range of the inverse cosine (or arccosine) funcEiGm@.

¥Our obtuse result is consistent with sketchin whichthe axesare scaled the same.

PART 2: NO CALCULATORS ALLOWED! (103 PTS.)

8) Complete the Identitie¥.ou do not have to showork. (18points total)

!l button.lgnoreOQuadrant

Left Side Right Side Type of ID
sin(u+v) ( )cos(v)+cos( )sm(v) Sum ID
cos(u+v) cos( )cos(v)' sm(u)sm(v) Sum ID
+tan|v
tan(u+v) - tgn)( )tan(()) Sum ID
sin(u! v) sin(u) cos{v)! cos{u)sin(v) Difference 1D
Sln(2u) ZSin(u)cos(u) DoubleAngle ID
Z(u)=sn?(u), 1! 2sn?(u), DoubleAngle ID
COS(ZU) “ (u) a0 (uz) L asn (u) > (write@yonecg‘the three
2cos (“)_1 versions weQOve discusse
. 1- cos|2 1 1 PowerReducing ID
si'(o) | ) o L taga) FR)
1+ cos(2u PowerReducing ID
cos’ (U) c02s( ) or é+écos(2u) (PRI) g
1+ 0
cosﬁlzo; * CZS( ) Half-Angle ID
(Choose the sign appropriately )

T
9) Write the three HalAngle Identities fortanﬁ— , asgivenin class. (3 poinis

10/0_+ 1(cos() ¢ "_l_%_l(cos(!) and tan "1 % sn()
b Py 1+cog(! )’ Ty sn(t) 928 1+cod! )

(Choo:e agn appropnaiely.)




10) Verify the identity:csc*(6) - 2csc?(6) +1= cot' (). (4 points)
csc ( ) 2csc’ ( )+1 =u'" 203 +1 %Subu csc( )é)—( ) §:sc ( ) lg

= §:ot2 (! )(gi (byaPythagorean ID) = cot ( ) Q.E.D.
1- sin(@) 1- sin(@)

11) Verify the identity: 1+sin(9) = ‘cos(@)‘ . (7 points)

\/m ! sin 8/3§1' sn ) Remember that/?ﬂ x| .
L+sin \/§1+ (")e g sin(") [ sn(7)]
( '"Trigononetric Conugae" |dea) - |cos()|
§l! sin(")go Observe that, for all redl:
- wrsne(r) sn(/)"1 #
gt )G $sin(/ ) o1 #
' 1$sin(! ) %0

I
Q

O
él

by aPythagorean Identity (ID) Therefore,‘ 1—sin(9)‘ =1-sin()
for all real ! .
_ g sn()g _ 1-sin(6)
\/COSZ - |cos(0)‘

Theradicandsare nonn@dive. Q.E.D.

o

12) Verify the identity:1+ ccl)s(x) + T cols(l x) - 2CSC2(x)_ (9 points)
1 1 _ 1 1 |
1+ cos(x) * 11 cos(! x) T 1+ Cos(x) + 1 Cos(x) (by Even Propaty forcosne)

The subditutionu = cos( ) may hdp.

L medds, 1 od,
#1+cos(x)3%#1' cos{x)B 511 cosx)gy i+ cosx)B
TheLCDis 1+ cos(x)%l! cos( )%bund up both fractions
Now, add thefractions
_ i cosx)fr jaroodx)§;
ji+cos{x)ga! cos{x)§;
_ 1L oos(f) +1 rofs)

i oos{x)gg! coslx)§;




(cont.)
2 o .
= ——~ (by multiplying out the denomlnator)
1—cos (x)

= — 22 , or 2-%
sin (x) sin (x)

2csc’ (x) (by a Reciprocal Identity)

(by a Pythagorean Identity)

Q.E.D.
13) Use thetrigonometricsubstitutionx = 7tan(9) to rewrite the algebraic

expressionV x> +49 as a trigonometric expressionén whereé is acute.
Simplify! (7 points)

I3 +49 = \/;;gtan(! )§,+49 = J49tan® (1 )+ 49

\/49¥¢Ian2 (! )+1§}0= \/E&/tanz (! )+1 = 7«/sec2 (’) (by a Pythagorean ID)
7| sec(! )‘ (because \/; :‘ X|) = 7sec(!)

Since! is acutewe knowsec(! ) >0,and ® ‘ sec(! )‘ = sec(! )

14) Findall real solutions of the equatioBco§(x)! 5COS(X)! 2=0.
Write your solution(s) aexact expressions; daot approximate! (7 points)
3cos’(x)! 5cos(x)! 2=0 Think: Solve 3u?! 5u! 2=0; u=cos(x).§
43c0s(x) +1§c08(x) ! 2§=0 4iThink: Solve (3u+1)(u! 2)=0,
Use the Zero Factor Property (ZFP); set each factor equal to 0 and solve.

First factor
3cos( x) +1=0

cos(x) =1 %

Cosine values armegative in Quadrants II and III.
L 1%
One solution is given byarccosﬁ! 5’-&(, which lies inQuadrant II.

Another is given by— arccos(— :—];J , Which lies inQuadrant III.

~
/

arccos (-5

~arccos (- 1)



We also want akoterminal angles.
It turns out thathe only real solutions are given by:

x=iarccos;! :—1322+2(n (n)! )

Second factor
cos(x) 12=0
cos(x) =2
This hasno real solutions; 2 isnot in the cosindunctionOs rangey 1,18.
Thesolution set is:

{XER X=iarccos[—%}+27m (neZ)}.

15) Consider the equatior3:tan(3x)—x6 =0. (15 points total)

a) Findall real solutions of the equatioatan(3x)! \/5 =0.

3tan(3x)—\/§=0 9=£+7rn (ne!)
5 6
tan(Sx)z? 3x=%+n’n (ne!)

Let 6 =3x, and SolveIan(O) = @ . Tangent | ,_ 1z LI (n el )
3 36 3

values argositive in Quadrants I and III: -

xX= E+ gn (n el )

6

Thesolution set is:

{XER x=24+%n (neZ)}
18 3

b) Use part a) to find the real solutions of the equa3imm(3x)! \6 =0
in the intervaly0, 2! )

GeneralSolution from part a)£+£n (ne! )
18 3

I /
Start: — (n = 0) Increment: —, or b
18 3 18

O| n=12| n=2|n=3|n=4| n=5 n>>j5

(Optional) n<0 n=
Particular | (outside thg ! " 13 19/ 25/ 31z | (outside the

Solutions interval) 18 18 18 18 18 18 interval)

Solution set: [ —,—, , ) >
18 18 18 " 18 18 " 18

n 7r 137 197 257 317:}




16) Find the simplified, exact value afin(75' )cos(15')! cos(75' )sin(15').
(4 points)
Use thisDifference Identity Orightto-leftO:sin(u! v)=sin(u)cos(v)! cos(u)sin(v),
whereu =75 andv=15.

)3

sin(75')eos(15')1 cos(75 )sin(15') = sin(75'1 15') = sin(60') = ;

"l oQ
17) Find the simplified, exact value o2cos’ ﬁﬁg/:)( 1. (4 points)

SR e
2cos ﬁﬁ&%l = cos§6&—

2

! - .
To clarify, letu = E . Use aDouble-Angle Identity for cosine Oin reverse.O

Zcoszééz/:{ 1 = 2cos (u)( 1 = cos(2u) = coséZ)ézO: COS§,6;A) g

18) Use the PoweReducing Identities (PRIS) to rewrism“(x) using only

constantand the first power of cosine expressions (and no other powers).
Fill in the blanks below with real numbers in giffied form. Show all work!
(10 points)

sin“(x) = g ! % cos(2x) + :—é cos(4x)
. , ! 1‘Vmos(2x) # I ‘)/(r:os(2x)§2
sm4(x) = 1-sm2(x)§ = W$ (by PRI) = —
= —!10/(1:0s(2x)§ —ll%Zcos(2x)+cos2 (2X)§

—_

1+COS(4X)?; (by PRI) = %%}%2(:05(2x)+%+%cos(4X)z
113

2 @%2cos(2x)+;cos(4x): = % %%cos(2x) + écos(4x)

= Z E@l%zcos( )+



19) Useone of the Sumto-Productidentities below to rewrite the expression
cos(76) + cos(3). Simplify. (4 points)

sin(x)+ sin(y) = ZSil’l;I/;tx -Iz_ yzgos;!#x 2 y;}

sin(x)' sin(y)chositx;y%iniix;y;

cos(x)+cos(y):2cos;!¢x; ggos;x;y;
cos(x)' cos(y)z' 2sin;¢x;y§§in;¢x2y;

Use thethird identity with x =7/ and y=39:

cos(79)+cos(39) = 2co0s 76+30 cos 76-30 = 2co0s @ cos ﬁ
2 2 2 2

= 2cos(56)cos(20)

WARNING: There isno easy simplification from here

20) Assume thati, v, andw are nonzero vectors in the real plane.
Your answers to al), and c)below will be angles in the interv§0°,180’].

(9 points total; 3 points each)

a) If v¥w=0, what is the angle betweerandw? |90’

If vew=0, thenv andw areorthogonal (that is,perpendicular), and the
angle between them B)°.

b) What is the angle betwearand 4u ?

u and 4 point in thesame direction, sothe angle between them 5.

c) What is the angle betwearand! 3u? [180

u and! 3u point inopposite directions, so the angle between theml&0 .

21) A triangle has one side of lengtland another side of lengbh and
Angle Cis the included angle between the two sides. Give the formula we
gave in class for the area of this triangle in term§,af, andb. (2 points)

Area:labs'n(c)
2




