
SOLUTIONS TO THE FINAL  
(CHAPTERS 7-10) 

MATH 141 Ð FALL 2018 Ð KUNIYUKI  
250 POINTS TOTAL 

 

1) Find the intersection point(s) of the graphs of   2x ! y = 5 and   x
2 + y2 = 5 in the 

usual xy-plane by solving a system, as in class. Do not rely on graphing,  
“trial-and-error,” guessing, or point-plotting as a basis for your method.  
Show all work! Write the solution set; a solution must be written as an ordered 
pair of the form 

  
x, y( ) . (14 points) 

• We want to find all real solutions of the system: 
  

2x ! y = 5  line in blue below( )
x2 + y2 = 5  circle in red below( )

"
#
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• Let’s use the Substitution Method.  
 

•• Solve the first equation for, say, y: 
 

  

2x ! y = 5

2x ! 5= y

y = 2x ! 5

 

 

•• Substitute into the second equation. 
 

       

x2 + y2 = 5  and  y = 2x ! 5 "

x2 + 2x ! 5( )2
= 5

x2 + 4x2 ! 20x+ 25= 5

5x2 ! 20x+ 20= 0 Divide both sides by 5.( )
x2 ! 4x+ 4 = 0

x ! 2( )2
= 0

x = 2  
 

•• Plug (substitute)   x = 2 into   y = 2x ! 5 to find the corresponding y-value. 
 

   x = 2 ! y = 2 2( ) " 5 ! y = " 1 ! 2, " 1( )  is a tentative solution.  
 

•• The fact that   y = 2x ! 5 expresses y as a function of x helps us avoid 
extraneous solutions, but a check makes it official: 

 

 

2 2( ) ! ! 1( ) = 5 Checks out( )
2( )2

+ ! 1( )2
= 5 Checks out( )

"
#
$

%$
 

• The solution set is: 
 

2, ! 1( ){ } .  2, ! 1( )  corresponds to the sole intersection point.  

 



2) Write the PFD (Partial Fraction Decomposition) Form for 

  

1

x3 x+ 2( )2
x2 + 4( )

. Do not find the unknowns (A, B, etc.). (8 points) 

 

  x
3: Repeated linear factors 

  
x + 2( )2

: Repeated linear factors 

  x
2 + 4:  ! -irreducible (prime) quadratic factor 

 

The form is: 

  

A
x

+
B
x2 +

C
x3 +

D
x+ 2

+
E

x+ 2( )2 +
Fx+G
x2 + 4

     A, B, C, D, E, F , G ! !( )  

 

3) Write the PFD (Partial Fraction Decomposition) for 
2x+ 59

x2 + 3x−10
. 

You must find the unknowns in the PFD Form. Show all work, as in class! 
(17 points) 

 

• The given rational expression is proper (Òbottom-heavyÓ), since the numerator has 
degree 1 and the denominator has degree 2, and  1< 2 . 
 

• Factor the denominator over  ! : 
 

         

2x+ 59
x2 + 3x ! 10

=
2x+ 59

x+ 5( ) x ! 2( )
 

 

• Set up the PFD Form: 
 

       

2x+59
x+5( ) x ! 2( ) = A

x+5
+ B

x ! 2
 

 

• Multiply both sides by the LCD, which is the denominator on the left,   x+5( ) x ! 2( ) . 
 

                 2x+59 = A x ! 2( ) + B x+5( )    (Basic equation) 
 

• Plug in (substitute)   x = 2  and solve for B: 
 

  

2 2( ) +59 = A 2− 2( )
0

+ B 2+5( )
63= 7B

B= 9

 

 
• Plug in (substitute)   x = ! 5  and solve for A: 

                                                           

  

2 ! 5( )+59 = A ! 5! 2( ) + 9 ! 5+5( )
0

49= ! 7A

A= ! 7

 

 
• PFD: 
 

      

  

2x+59
x2 + 3x ! 10

=
A

x+5
+

B
x ! 2

=
! 7

x+5
+

9
x ! 2

= !
7

x+5
+

9
x ! 2

,   or   
9

x ! 2
!

7
x+5

 

 



4) Write the PFD (Partial Fraction Decomposition) for 
  

6x2 ! 5x +18

x3 + 9x
. 

You must find the unknowns in the PFD Form. Show all work, as in class! 
(20 points) 

 
• The given rational expression is proper (Òbottom-heavyÓ), since the numerator has 
degree 2 and the denominator has degree 3, and  2 < 3. 
 

• Factor the denominator over   : 
 

         

6x2 ! 5x+18
x3 +9x

=
6x2 ! 5x+18

x x2 +9( )  

 
Set up the PFD Form: 
 

         

6x2 ! 5x+18

x x2 +9( ) =
A
x

+
Bx+C
x2 +9

 

 

• Multiply both sides by the LCD, which is the denominator on the left, 
  
x x2 + 9( ) . 

 

       
6x2 ! 5x +18 = A x2 + 9( ) + Bx + C( )x

   
(Basic equation) 

(Remember grouping symbols!) 
 
• Plug in (substitute)   x = 0  and solve for A: 
 

  

6 0( )2
−5 0( ) +18 = A 0( )2

+ 9⎡
⎣⎢

⎤
⎦⎥ + B 0( ) +C⎡⎣ ⎤⎦ 0( )

0

18 = 9A

A= 2

 

 
• Rewrite the basic equation: 
 

       
6x2 ! 5x +18 = 2 x2 + 9( ) + Bx + C( )x  

 
• Use the ÒMatching CoefficientsÓ Method to solve for B and C : 
 

  

6x2 ! 5x +18 = 2x2 +18+ Bx2 + Cx

6( )x2 + ! 5( )x + 18( ) = 2+ B( )x2 + C( )x + 18( )  

 

By matching the coefficients of   x2 : 
 

    

6 = 2+ B

B = 4
 

 
By matching the coefficients of x: 
 

  

! 5= C

C = ! 5
 

 

• PFD: 
 

  

6x2 −5x+18
x3 + 9x

=
A
x

+
Bx+C
x2 + 9

=
2
x

+
4x−5
x2 + 9

 

 



5) Let 

  

A=

1 5 0 ! 3

0 0 1 2
0 0 0 0

"

#

$
$
$

%

&

'
'
'

. (4 points) 

 

a) Is A in row-echelon form? Box in one:    Yes  No 
 

• Any all-0 rows are at the bottom, 
• The leading nonzero entries in the other rows are Ò1Ós, and 
• The “leading 1”s go (generally speaking) Òdown and to the right.Ó 

 
 

b) Is A in reduced row-echelon (RRE) form? Box in one: Yes  No 
 

Furthermore: 
• Each “leading 1” is the only nonzero entry in its column. 

 
6) Solve the system below using matrices and Gaussian Elimination with  

Back-Substitution (or Gauss-Jordan Elimination, if you prefer). 
Write your solution as an ordered triple of the form 

  
x, y, z( )  in a solution set. 

Clearly indicate the elementary row operations (EROs) you are applying. 
Your final matrix must be in row-echelon form. (25 points) 
 

  

x − 3y + 4z = −1

2x − y + z = 9

3x −8y +10z = 1

⎧

⎨
⎪

⎩
⎪

 

 

Write the augmented matrix (you may want to write in coefficients in the system first): 
 

  

1 −3 4
2 −1 1
3 −8 10

−1
9
1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

. Our target is the form 

 

1 ? ?
0 1 ?
0 0 1

?
?
?

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

. 

 
Perform two row replacement (addition) operations to “eliminate down” the first column 
by replacing the “2” and the “3” with “0”s. 
 

Old   R2  2 ! 1 1  9 

  
+ ! 2( ) "R1  − 2 6 ! 8  2 

New   R2  0 5 ! 7  11 
 

Old   R3  3 ! 8 10  1 

  
+ ! 3( ) "R1  − 3 9 ! 12  3 

New   R3  0 1 − 2  4 
 

  

~
1 −3 4
0 5 −7
0 1 −2

−1
11
4

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥  



Switch Row 2 and Row 3 to get a  “1” in the position where the “5” currently is. 
 

  R2 ! R3  
 

  

~
1 −3 4
0 1 −2
0 5 −7

−1
4

11

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

 

 
Perform a row replacement (addition) operation to “eliminate” the “5” in Column 2. 
 

Old   R3  0 5 ! 7  11 

  
+ ! 5( ) "R2  0 ! 5 10  ! 20 

New   R3  0 0 3  ! 9 
 

  

~
1 ! 3 4
0 1 ! 2
0 0 3

! 1
4

! 9

"

#

$
$
$

%

&

'
'
'

 

 
Divide Row 3 through by 3 so that we replace the “3” with a “1”;  

that is, multiply Row 3 by 
 

1
3

: 
  
new R3 ←

1
3

old R3( )  
 

 

~
1 −3 4

0 1 −2

0 0 1

−1

4

−3

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 

We now have Row-Echelon Form. 

 
Write the corresponding system (complete with variables!) and back-substitute. 
 

  

x ! 3y + 4z = ! 1
y ! 2z = 4

z = ! 3

"

#
$

%
$

 

 
We know:   z = −3. 
 
Let’s use the second equation to solve for y: 

 

  

y − 2z = 4
y − 2 −3( ) = 4

y + 6 = 4
y = −2

 

 

 
 
 
 
 

 



Let’s use the first equation to solve for x: 
 

  

x ! 3y + 4z = ! 1

x ! 3 ! 2( ) + 4 ! 3( ) = ! 1

x + 6 ! 12= ! 1

x ! 6 = ! 1

x = 5

 

 

The solution set is: 
 

5, ! 2, ! 3( ){ } . 
 

Note 1: You can check this in the original system. 
Note 2: Be careful about the order of the coordinates; it’s 

  
x, y,z( )  order. 

  

7) Find the matrix   A2 , which is  AA , if 

  

A=

2 0 3

1 4 −1

3 2 0

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

. (12 points) 

 

Let   C = A2 . The entry in the ith row and jth column of C is 
 
cij , which is the dot product of 

row i of A and column j of A. 
 

 

2 0 3
1 4 ! 1
3 2 0

"

#

$
$
$

%

&

'
'
'

2 0 3
1 4 ! 1
3 2 0

"

#

$
$
$

%

&

'
'
'

13 6 6
3 14 ! 1
8 8 7

"

#

$
$
$

%

&

'
'
'

  

  

C =

c11 c12 c13

c21 c22 c23

c31 c32 c33

!

"

#
#
#

$

%

&
&
&

, where: 

 
Row 1, left: 

   
c11 = 2( ) 2( ) + 0( ) 1( ) + 3( ) 3( ) = 4 + 0 + 9 = 13 

Row 1, mid.: 
   
c12 = 2( ) 0( ) + 0( ) 4( ) + 3( ) 2( ) = 0 + 0 + 6 = 6  

Row 1, right: 
   
c13 = 2( ) 3( ) + 0( ) ! 1( ) + 3( ) 0( ) = 6+ 0+ 0 = 6  

Row 2, left: 
   
c21 = 1( ) 2( ) + 4( ) 1( ) + ! 1( ) 3( ) = 2 + 4 ! 3 = 3  

Row 2, mid.: 
   
c22 = 1( ) 0( ) + 4( ) 4( ) + ! 1( ) 2( ) = 0 +16 ! 2 = 14  

Row 2, right:    c23 = 1( ) 3( )+ 4( ) ! 1( )+ ! 1( ) 0( ) = 3! 4+0 = ! 1  

Row 3, left: 
   
c31 = 3( ) 2( ) + 2( ) 1( ) + 0( ) 3( ) = 6+ 2+ 0 = 8  

Row 3, mid.: 
   
c32 = 3( ) 0( ) + 2( ) 4( ) + 0( ) 2( ) = 0+ 8+ 0 = 8

 
Row 3, right: 

   
c33 = 3( ) 3( ) + 2( ) ! 1( ) + 0( ) 0( ) = 9 ! 2+ 0 = 7

 
 
 
 
 



8) A and B are matrices consisting of real numbers. A has size  4 ! 5, and B has size 
 3! 4 . For each part below, if the matrix expression is undefined (due to the given 
sizes), just write “Undefined.” If the matrix expression is defined, write the size 
that the resulting matrix would have to be. (6 points total; 3 points each) 

 

a) AB 
 

   

A B
4× 5 3 × 4

   5 ! 3 , so AB is  Undefined.   
 

b) BA 
 

  

B A

3 × 4 4 × 5   
A “ 3 ! 4 ” times a “ 4 ! 5” yields a  3 ! 5 . 

 

9) Let 

  

A=

4 2 0

! 1 3 5

! 3 1 5

"

#

$
$
$

%

&

'
'
'

. (25 points total) 

 

a)  Find   det A( )  using Sarrus’s Rule, the method using diagonals. (10 points) 

 
 

  
det A( ) = 60− 30+ 0− 0− 20+10 = 30−10 = 20  

 

b) Find 
  
det A( )  using the Expansion by Cofactors Method. Show all work, 

as in class. (15 points) 
 

The  3× 3  sign matrix: 
+ ! +
! + !
+ ! +

"

#

$
$
$

%

&

'
'
'

.  

We will expand along the first row; the ‘0’ helps us. 
 

   

det A( ) = +
from
sign
matrix

 4( )
first
magic
entry


3 5
1 5

"#" from deleting
row, column
containing
magic entry

  
− 2( ) −1 5

−3 5

"##"
  

+ 0( ) Who
cares?

= 4 15−5⎡⎣ ⎤⎦ − 2 −5− −15( )⎡⎣ ⎤⎦
= 4 10⎡⎣ ⎤⎦

"#"


− 2 10⎡⎣ ⎤⎦
"##"


= 40− 20

= 20 We better get the same answer as in a)!!( )

 



10) Consider the sequence: 
 
− 1

3
,

1
4

, − 1
5

,
1
6

, − 1
7

, ....  

Write a nonrecursive expression (formula) for the apparent general   nth  term,

 an , for this sequence, as in class. Let   a1  be the initial term; that is, assume that 
n begins with 1. (5 points) 

 

• The sign alternator is given by 
  
! 1( )n

, since the signs alternate in the pattern: 

 ! , +, ! , +, ..., and n begins with 1. 
 

• Apparently, 
  
an = ! 1( )n

"
1

n+ 2
,  or  an =

! 1( )n

n+ 2
. 

 

11) Simplify completely: 
   

2n+ 3( )!
2n( )! n ! +( ) . You may leave your answer in 

factored form. (4 points) 
 

 

12) Evaluate: 
  

! 3( )k

k =1

3

" . (7 points) 

  
−3( )k

k =1

3

∑ = −3( )1
+ −3( )2

+ −3( )3
= −3+9− 27 = −21  

 

13) Consider the arithmetic sequence:  4, −2, −8, −14, −20, ....  (10 points) 
 

a) Write a nonrecursive expression (formula) for the general   nth  term,  an , 
for this sequence. Let   a1  be the initial term; that is, assume that n 
begins with 1. 

 

• The initial term :   a1 = 4 . 
• The common difference:   d = −6 . Note:   d = a2 ! a1 = ! 2! 4 = ! 6 . 
• We have an arithmetic  sequence, so: 
 

  

an = a1 + n! 1( )d

an = 4+ n! 1( ) ! 6( ),  or

an =10! 6n

 

 

b) Find   a75 . 
 

  

an = 10 ! 6n from a)( ) "

a75 = 10 ! 6 75( ) = ! 440
 

 

   

2n +3( )!
2n( )! =

2n +3( )! 2n + 2( )! 2n +1( )! 2n( )!"# $%

1( ) 

2n( )!
1( )

= 2n +3( ) 2n + 2( ) 2n +1( )



14) Consider the geometric sequence: 
 

2
3

,
1
2

,
3
8

,
9
32

,
27
128

, ....  (16 points) 
 

a) Write a nonrecursive expression (formula) for the general   nth  term,  an , 
for this sequence. Let   a1  be the initial term; that is, assume that n begins 
with 1. 

 

• The initial term : 
  
a1  or a( ) = 2

3
. 

• The common ratio: 
  
r =

3
4

. Note: 
  
r =

a2

a1

=
1/ 2
2 / 3

=
1
2
⋅ 3
2

=
3
4

. 
 

• We have a geometric sequence, so: 
 

  

an = a1r
n−1

an =
2
3

3
4

⎛
⎝⎜

⎞
⎠⎟

n−1

Note: an =
2
3

3
22

⎛
⎝⎜

⎞
⎠⎟

n−1

=
2
3
⋅ 3n−1

22n−2
=

3n−2

22n−3

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

 

 

b) Find the sum of the corresponding geometric series, 
  

an
n=1

!

" , which is: 

 
2
3

+ 1
2

+ 3
8

+ 9
32

+ ... 
 

The following formula applies, because 
  
r =

3
4

=
3
4

< 1. 

  

S =
a

1! r
=

initial term
1! common ratio

"
#$

%
&'

=

2
3

1!
3
4

=

2
3
1
4

=
2
3

(
4
1

=
8
3

. 

 

c) Is the series in b) convergent or divergent? Box in one: 
 

 
Convergent       Divergent 

 

 

An infinite series is convergent if and only if it has a sum that is a real 
number. Here, we have a geometric series with 

  
r <1, so it converges. 

 
15) Does the geometric series  3+ 3+ 3+ 3+ 3+ 3... converge or diverge? 

Box in one:  It converges.  It diverges. 
(3 points) 

 

  r =1, so it is not true that 
  
r <1 . Therefore, this series diverges; it has no sum. 

(This particular series diverges to infinity , since the partial sums approach infinity.  
The series diverges because the partial sums do not approach a real number.) 

 
 



16) Consider the sequence defined recursively as follows. 

  a1  is considered to be the first term. (6 points total) 
 

   

a1 = 8

ak+1 = ak + 4 ! k " +( )
#
$
%

&%
 

 

a) Write the first four terms of the sequence. (4 points) 
 

Start with 8 and add 4 to get each successive term: 8, 12, 16, 20. 
In more detail, 

  

a1 = 8

a2 = a1 + 4 = 8( ) + 4 = 12

a3 = a2 + 4 = 12( ) + 4 = 16

a4 = a3 + 4 = 16( ) + 4 = 20

 

 

b) The sequence is …. Box in one: (2 points) 
 

Arithmetic               Geometric               Neither 
 

The initial term    a1 = 8 . The common difference   d = 4 . 
 

17) Prove using mathematical induction: 
   
1+ 2+3+...+ n =

n n+1( )
2

! n " ! +( ) . 

(14 points) 
 

Let  Pn  state that: 
  
1+ 2+ 3+ ...+ n =

n n +1( )
2

. 
 

 
Basis Step: 

 

Verify that   P1  is true. (That is, verify that  Pn  is true for   n = 1.) 

 
1=

1 1+1( )
2

! 1=
1 2( )

2
! 1=1 

This demonstrates that   P1  is true, because we have shown that   P1  is 
logically equivalent to the true statement  1 = 1. 
 

Inductive Step: 
 

Let k be an arbitrary positive integer 
  
k ! ! +( ) . Assume that  is true.  

(Our assumption is called the Inductive Hypothesis, abbreviated as I.H.) 
 

Here, we assume: 
  
1+ 2+ 3+ ...+ k =

k k +1( )
2

. 
 

Show that   Pk+1  is then true. 
 

Here, we must show that, as a result: 
 

  
1+ 2+3+...+ k +1( ) =

k +1( ) k +1( )+1( )
2

, or 
k +1( ) k + 2( )

2
. 

 
 

 Pk



(cont.) 
 

   

1+ 2+3+...+ k +1( ) = 1+ 2+3+...+ k
Apply the I.H. to this.
! "# # $# # + k +1( ) =

k k +1( )
2

+ k +1( )

=
k k +1( )

2
+

2 k +1( )
2

=
k k +1( ) + 2 k +1( )

2
=

k + 2( ) k +1( )
2

Factoring( )

=
k +1( ) k + 2( )

2
TARGET( )

  

 

 
Note: The argument above works for   k = 1,   k = 2 , and   k = 3, even 
though the “…” might seem incompatible with those cases. Sums must be 
“compressed” in the first line. 

 
Conclusion 
 

!   Pn  is true for all positive integers n, or 

   ! n " ! +,
  Pn  is true. Q.E.D. 

 

18) Use the Binomial Theorem to expand and simplify:   x+ h( )4
. (10 points) 

 

We get the binomial coefficients from PascalÕs Triangle, Row 4:   4C0, 4C1, ..., 4C4   
 

Row 0    1 
Row 1            1    1  
Row 2         1    2    1  
Row 3      1    3    3    1 
Row 4   1    4    6    4    1 
 

 

  
x + h( )4

= x4 + 4x3h + 6x2h2 + 4xh3 + h4 . (Each term has degree 4.) 
 
 

 

19) Let   f x( ) = x4 . Use your answer from 18) to evaluate and simplify the 

following difference quotient completely: 
  

f x+ h( ) ! f x( )
h

h " 0( )  (5 points) 
 

  

f x + h( )− f x( )
h

=
x + h( )4

− x4

h
=

x4 + 4x3h + 6x2h2 + 4xh3 + h4 − x4

h

=
4x3h + 6x2h2 + 4xh3 + h4

h
=

h
1( )

4x3 + 6x2h + 4xh2 + h3( )
h
1( )

= 4x3 + 6x2h + 4xh2 + h3 h ≠ 0( )  
 

• As h approaches 0, this approaches   4x3 , which is 
 
′f x( ) , the derivative of 

 
f x( ) . 

 
 



20) An ellipse has equation   9x2 + 4y2 + 72x ! 16y +124= 0 in the usual  
xy-plane. (27 points total) 

 

a) Find the standard form of the equation of this ellipse. (12 points) 
 

  

9x2 + 4y2 + 72x ! 16y+124= 0

9x2 + 72x( ) + 4y2 ! 16y( ) = ! 124 Group terms.( )
9 x2 +8x( ) + 4 y2 ! 4y( ) = ! 124 Factor out leading coefficients.( )

9 x2 +8x+16( ) + 4 y2 ! 4y+ 4( ) = ! 124+ 9 16( ) + 4 4( ) CTS and balance.( )
9 x+ 4( )2

+ 4 y ! 2( )2
= 36 Factor PSTs.( )

x+ 4( )2

36
9

+
y ! 2( )2

36
4

=1 Divide both sides by 36 to get 1 on the RHS.( )

x+ 4( )2

4
+

y ! 2( )2

9
=1

 

 

b) The center of this ellipse is at what point? (2 points) 
 

The center is at: ! 4, 2( ) . (Think: What makes the left side equal to 0?) 
 

c) The vertices of this ellipse are at what points? (4 points) 
 

• a2 = 9 , the larger denominator, so a = 3 (the positive root). 
This is the distance between the center and each vertex. 

 

• The larger denominator is part of the term with y, so the ellipse is Òy-longÓ 
(vertical). 

 

• The vertices lie 3 units above and below the center. 
 

The vertices are at: ! 4, 5( )  and ! 4, ! 1( ) . 
 

d) The foci of this ellipse are at what points? (6 points) 
 

• a2 = 9 , and b2 = 4 , the smaller denominator. 
 

• Find c:   c
2 = a2 − b2 = 9− 4 = 5 ⇒ c = 5 Take the positive root.( )  

 

• c is the distance between the center and each focus. 
 
• The ellipse is Òy-longÓ (vertical), so the foci lie c units above and below 
the center. 

 

The foci are at: −4, 2+ 5( ) and −4, 2− 5( ) . 2 + 5 ≈ 4.24; 2 ! 5 " ! 0.24 . 
 

e) What is the eccentricity of this ellipse? (3 points) 
 

  
e =

c
a

=
5

3
! 0.745 

 

 



The ellipse, with center (in red), vertices (in brown), and foci (smaller, in purple): 
 

 
 

 

21) The graph below is the graph of (box in one:)       x
2 ! y2 = 1     

  
y2 − x2 =1  

(2 points) 

(The vertical hyperbola opens along the y-axis.) 
 

22) Sketch the graph of the polar equation   r = ! 4cos "( ) , where  r  and !  are 
polar coordinates. You may use either the Cartesian or polar graph paper 
below; box in the one you use. Use arrows to indicate orientation. (10 points) 

 

First, graph r against !  as Cartesian coordinates. Graph one cycle of   r = ! 4cos "( ) . 
 

 
 

 

                                   
 



     Now, graph r and !  as polar coordinates.  Draw in Quadrant … 
 

As 
 
! : 0"

#
2

,    r : ! 4" 0.  (Phase 1) III (not I, because  r ! 0 ) 

As 
 
! :

"
2

# " ,    r : 0→ 4 .  (Phase 2) II 

As 
 
! : " #

3"
2

,    r : 4 ! 0 .  (Phase 3) III 

As 
 
! :

3"
2

# 2" ,    r : 0 ! " 4. (Phase 4) II (not IV, because  r ! 0 ) 
 

     Using Cartesian graph paper:  Using polar graph paper: 

                
 

 
     Obtaining the equation of the circle in Cartesian coordinates: 

 

     

r = ! 4cos "( ) # Multiply both sides by r .( )
r 2 = ! 4r cos "( )

 

 

We need not exclude the case   r = 0 , since 0 is in the range of the  ! 4cos "( )  
function. The pole (origin), which corresponds to   r = 0 , lies on the graph.  

 

   
  

x2 + y2 = ! 4x

x2 + 4x+ y2 = 0

x2 + 4x+ 4( )+ y2 = 0+ 4 CTS and balance.( )
x+ 2( )2

+ y2 = 4

 

 

We have a circle of radius 2 centered at  ! 2, 0( ) . 

 
 


