QUIZ ON CHAPTER 5 - SOLUTIONS

INTEGRALS; MATH 150 — FALL 2016 - KUNIYUKI
105 POINTS TOTAL, BUT 100 POINTS =100%

1) Evaluate the following integrals. Simplify as appropriate. (42 points total)

2
a) J > 1r+\/; dr (9 points)

- J(%—%+g}d1f = J[Sr—7+%]dr = [(5r=7+r")ar

2 12 2
=s| -+ l—1c = §r2—7r+2\/;+C, or X" 14r+4\/;+c
2 1/2 2 2

b) J cot(@) sec(@) csc(@) do (7 points)
(1)

_ W 1 1 1

- -[ sin(@) W [sin(@)]de B Isinz(e)

(1
= —cot(6)+C, or C—cot(@)

do = [csc’(0)do

8
C) jo ‘ x—3‘ dx (7 points)
(You may use the Fundamental Theorem of Calculus or a geometric
argument.)

Method 1: Geometric argument

Let f (x) =‘ xX— 3| . The function f is nonnegative, so the value of the definite

integral equals the total area under the graph of y = f (x) from x =0 to x=8.

y
5!
; |

3' Al A2 v’

3 g
3 5
1 1 9 25 34
J [x=3dx = 44, = 2(3)(3) + S(5)(5) = 5+ 5 = 5 =

Method 2: Fundamental Theorem of Calculus (FTC)

Observe that f is continuous on [O, 8] , so the FTC, Part II applies.
—(x—3), or 3—x, ifx<3

By the definition of absolute value, ‘ xX— 3‘ = .
x-3, ifx>3



d) J» csc(x) cot(x) J

[1+csc(x)]3

Let u= 1+csc(x) =

du=- csc(x)cot(x) dx = [Can use: csc(x)cot(x) dx =— a’u}

CSC( )cot(x3) dx = _CSC(X)COt(f) dx (Compensation) = — d—?
[1+csc( )] [1+csc(x)] u
= —[u’du = Moo iz+c = %+C
-2 2u 2[1+csc(x)]
.[4 i (12 points)

b A3xr 41
Give an exact, simplified fraction as your answer.
The integrand is continuous on [1, 4] , so the Fundamental Theorem of Calculus

(FTC), Part II applies.
Let u=3x"+1 =

du=6xdx = (Canuse: xdx:édu)

Method 1 (Change the limits of integration.)
y=1 = u=3(1)+1=4 = u=4

x=4 = u=3(4)2+1=49 = u=49

[ e = L[ ar (Compensaion) or f( 3x12+1].(xdx)
(e (g )3
SNSRI IO TRt

= ~(7-2) = 2




Method 2 (Work out the corresponding indefinite integral first.)

i in = L i (compensaion) o j[ Jﬁ].(m)
sl e 1[G - 2
éju_mdu = é{”m}C = 2[%)[\5}0 = g+C = m+c

1/2 3
Now, apply the FTC directly using our antiderivative (where C =0).

_ [\/3x2+1] _ %[mr

3 1

f\/&;ﬁdx |
- %([ 3(4)2+1}—{ 3(1)2+1D - %([x/@}[\/ﬂ) = %(7—2) -

2

2) Solve the second-order differential equation J; = cos(2x) subject to the
dx
. . dy /4
following initial conditions: — =— when x =—, and y=1 when x=0.
dx 4 12

(14 points)

First Integration: (Find QJ
dx

dz); =cos(2x) = J ZIZ dx = Jcos(2x)dx

dx

1
d = —sin(Zx) +C (by Guess-and-Check or a u—sub)
dx 2
Find C:
. . 1.
=t o @=§ (ThlS was glven.), and Q=—s1n(2x)+C =
12 dx 4 dx 2
gzlsin 2.2 |+ c
4 2 12
é:lsin T lic
4 2 6
ézl l +C
4 2\2
é:1+C
4 4
C=1=

Q=lsin(2x)+l
dx 2



Second Integration: (Find y.)

% = %sin(2x)+1 = J % dx = J [%sin(Zx)+l] dx

y=- icos(Zx) +x+D (by G-and-C or u—sub)

Find D:
x=0 = y=1, and y=—ic0s(2x)+x+D =

1=—lcos(2-0)+0+D

4
1:—%cos(0)+D
1:—%(1)+D
1:—1+D

4
D=§ =

4

dx+5— cos(2x)
4

y=—%cos(2x)+x+%, or y=

Note: If the Leibniz notation is uncomfortable, you may switch to Lagrange notation.

Let yzf(x).Then, f’(%)z%,and f(O):L

3) Assume that f is an everywhere continuous function on R such that

J; f (x) dx =20 . Simplify and evaluate: J: f (x) dx + J: f (x) dx . (5 points)

JL o) [ ()i = (o) e = =) e = [

4) Assume that f is an everywhere continuous even function on R such that
10 10 )
JO f(x) dx =30. Evaluate LO 7f(x) dx . (4 points)

10

J:IO 7f(X) dx = 7_[}?0 f(x) dx (by Linearity) = 7[2 J;Of(x) dx} (by Even Property)

- 14“010f(x)dx} — 14[30] =



5) Let f(x) =x* +3. (12 points total)
a) Find f,,, the average value of f on the interval [—1, 2]
Write your answer as an exact, simplified fraction. (10 points)

= .[a J;(_xzdx _ Jlix_(—j; dx _ %fi (x4+3) dx

Jar

Note: The integrand is continuous on [—1, 2] , so the FTC applies.
- s 2 5 5
1 2 -1
x? + 3x}1 =3 {% + 3(2)} - [—( 5) + 3(—1)}
[£+6}—[—1—3D = l(£+6+l+3)
5 5 305 5

1(33 1(33 45\ 1(78) |26
- _ _+9 = | —+—| = - — | = —, Or 52
305 35 5 305 5

W | =

W | —

Note: The positive integer 78 is divisible by 3, because the digits of 78 add
up to a multiple of 3. (7 + 8 = 15.)

b) True or False: There exists a real number z in the interval (— 1, 2) such

that f (z) = f,where f  isthe [correct] answer to part a). Box in one:
(Don’t worry about the issue of open vs. closed intervals.) (2 points)
True False
f is continuous on [—1, 2] , so the Mean Value Theorem (MVT) for Integrals
applies.

© o1
6) Simplify Dx( L . dt). (3 points)

+1
x 1 1
D, J. > dt |=|— by the Fundamental Theorem of Calculus (FTC), Part I.
5 " +1 x +1
f(l), which is j(x)
everywhere

continuous on R

1
7) We will approximate JO tan(x) dx using two different methods.

For part a) and part b), use a regular partition with » =4 subintervals.
Round off intermediate calculations to at least five significant digits, and round
off your final answers to four significant digits. Show all work! Remember that
x 1s to be measured in radians, as opposed to degrees. (15 points total)

Let f(x) = tan(x) . f is continuous on [0, 1] , S0 it is integrable on [0, 1] .Let a=0, b=1.



1
a) Approximate JO tan(x) dx by using a Left-hand Riemann Approximation
(LRA).

1
EachAx, = Ax= =— —=—=0.25 = Partition: {o, 0.25, 0.5, 0.75, 1} .
n 4 4
For our LRA, we use: w, =0, 2025 w-05 andw-O75
N W W W |
0 T Mt M |

0 025 05 075 1

oo ) or B o ] 310

[/ (w)][0-25]

(o
7(0)JJo2s]+[ r(0.25) J[0.25]+[ 1(05) | 0.25]+[ 1(0.75) ][ 0.25]
25[ £(0) + s(0.25) + £(0.5) + £(0.75)]
~0.25 [tan(O) + tan(0.25) + tan(O.S) + tan(0.75)}
~0.25[0 + 0.25534 + 0.54630 + 0.93160 |
~0.25[1.73324]

= Note: Exact Value:—ln(cos(l))z0.6156

0
-

J tan a’x

k

Il
—_

0
-

1

U

0
= T

|

b) Approximate Jol tan(x) dx by using the Trapezoidal Rule.

Hint: The Trapezoidal Rule is given by:

[ f(x)dr = ’?2—_”"[ F(mo)+ 21 (1) 421 () 4+ 2 (5, )+ £ (x,)]. or
SAx[f )21 (u)+2f (o) + e+ 21 (3, )+ £ ()]

=0.25 = Partition: {0, 0.25, 0.5, 0.75, 1} . (See work for a).)

U

Note: From the first form of the rule: b_ 4_ ﬂ =

2(4)
jol tanxdx = %(0.25)[]‘( ) + 2/(0.25) + 2/(0.5) + 2£(0.75) + £(1)]
~ (0.125)[ tan(0) + 2tan(0.25) + 2tan(0.5) + 2tan(0.75) + tan(1)]
~ (0.12
(0.12

=0.125. From the second:

0| —

5)[ 0 + 2(0.25534) + 2(0.54630) + 2(0.93160) + 1.55741], or
5)[0 + 0.51068 + 1.09260 + 1.86319 + 1.55741]

m Note: Exact value = —ln(cos 1) =0.6156; compare to a).



8) Evaluate j - dx . Do not leave negative exponents in your final answer.

5

(x—lO)

Hint: Remember a trick discussed in class. (10 points)

Let u=x-10 = x=u+10
du = dx

10
J‘mdx = J'U;O du

= J[%+%jdu
= J-[u—}‘9+%Jdu
= j (u-49+10u-5°)du

—48 —49
“ +10(u 9)+C

—48 —
1 10
BT
1 10
== - +C
48(x—10)"  49(x—10)"
Algebra Challenge: Check this!
Note: This could be further simplified.
1 10
= - + +C
48(x—10)"  49(x-10)"
o 49(x—10)+48(10)
(48)(49)(x~10)"
49x—10 10—49x 49x-10

=|-———+C or ——— = +C, or C—
2352(x—10) 2352(x—10)

2352(x~10)"




