SOLUTIONS TO THE FINAL - PART 1

MATH 150 — FALL 2016 - KUNIYUKI
PART 1: 135 POINTS, PART 2: 115 POINTS, TOTAL: 250 POINTS

No notes, books, or calculators allowed.

135 points: 45 problems, 3 pts. each. You do not have to algebraically simplify or
box in your answers, unless you are instructed to. Fill in all blanks after “=" signs.

DERIVATIVES (66 POINTS TOTAL)

DX(X«/E) _ \/EX\E—I

D, [x%os(x)]z [ ( )} [cos ] + [x3] ( [cos J) (by Product Rule)
= [3 JLeos(x) ] + [ ][ =sin(+)]

= 3x° cos( ) X sm(x), or x [3005( )—xsm(x)]

. % 52x! Si,SDx(x7)i! 5x7i,5Dx(2x!5)’_';_

§2x| 5& (Zx! 5)2 (by Quotient Rule)
— 52X! 51’§7x61! 5x7’j_,52’f|_, or 12x" 1 35x° Cor x6(12x! 35)
(2x! 5) (201 5) (2x1 5)
DX;(eX—i-4) =

Lp(e +4) $1p (e +4)§7 é(e +4) g{)!e $
6€e

(e + 4) (by Gen. Power Rule)

Dltanxg— sec( )

g

D [e(s)]- ~es’(s)
0, e sc{)en()
>, et cx{s)ot()

D, bsin(4x+7)§= hoos(4x+7)§okD, (4x+7)§ = hoos(4x+7){omag
= 4cos(4x+ 7) (by Gen. Trig Rule)

BE S B I '}x*'l* 1 i
3 3" Z = ZEs3
#e @b )e )DX#3 %_ 234 36



D, (5)= 5In(5)
Dx(loxs): 110°In(10) || D, ()] = [10°In(10) |[3¢] = 3¢-10°In(10)

VN i ) _
D, (1 + )= gD, (7 1) = g s gag= o

1

T (Assume the usual range for Sec’ l(X) in our class.)
xvx“l1

D, jsect(x)$e

s 3
D, e () &——. G, ()87 & (78

& —
() o fae(re) gy LrA9C

D, !.Sinh(x)§: cosh(x)

D, !.cosh(x)§: sinh(x)

D, bsech(x)#= ! sech(x]tanh(x)



INDEFINITE INTEGRALS (42 POINTS TOTAL)

10

I3’ dx= 2—+C
. 10
1
| =dx= In|x|+C
X
—-7X —-7X
Je‘”dxz € +C = - +C, or C- 17
-7 7 7€’

16*dx= 6 +C
. 1ni6i

|sin(x) dx= Tcos(x)+C
!tan(x dx=! In‘cos(x)‘+c, or In’sec(x)’+c
!cot(x dx= In sin(x)’+C

!sec(x dx=In sec(x)+tan(x)‘+c

!csc(x dx=In csc(x)! cot(x)‘+C, or ! In’csc(x)+cot(x)‘+c
| cos{3x) dx = %sin(Sx)+C
!secz(x) dx= tan(x)+C

1 1. . #X&

| dx= —t +C

' 36+ %2 %

L g st
36! x? %

| cosh(x) dx= sinh(x)+C

WARNING: YOU'VE BEEN DEALING WITH INDEFINITE INTEGRALS.
DID YOU FORGET SOMETHING? (+ C)




INVERSE TRIGONOMETRIC FUNCTIONS (6 POINTS TOTAL)

. X||irT|] tan#l(x) = % (Drawing a graph may help.)

oIf f (X) =sn 1(X), what is the range of f in interval form (the form with

# n n
parentheses and/or brackets)? Range( f ) = % > E? :

HYPERBOLIC FUNCTIONS (6 POINTS TOTAL)

* The definition of Sinh(x) (as given in class) is: sinh(x) =

« Complete the following identity: cosh’ (X) | sinkY (X) =

(We mentioned this identity in class.)

TRIGONOMETRIC IDENTITIES (15 POINTS TOTAL)

Complete each of the following identities, based on the type of identity given.

. tan® (X) +1= sec? ( X) (Pythagorean Identity)
- cos{! x) = cos(x) (Even/Odd Identity)
. 8N (ZX) = 249n ( X) COS( X) (Double-Angle Identity)

. cos(2x) = cosz(x) ! sinz(x), or 1! Zsinz(x), or Zco§(x) 11
(Double-Angle Identity)
(For COS(ZX) , | gave you three versions; you may pick any one.)

. §n’ (X) = ]JLZS(ZX) (Power-Reducing Identity)



SOLUTIONS TO THE FINAL - PART 2

MATH 150 — FALL 2016 - KUNIYUKI
PART 1: 135 POINTS, PART 2: 115 POINTS, TOTAL: 250 POINTS

A scientific calculator and an appropriate sheet of notes are allowed on this final part.

1) Find the following limits. Each answer will be a real number, ! , ! © , or DNE
(Does Not Exist). Write ! or ! © when appropriate. If a limit does not exist,
and ! and ! © are inappropriate, write “DNE.” Box in your final answers.
(14 points total)

_ cos(x3)
a) Illm — Show all work, as in class. (6 points)
X

. co x3)
XI'IrrI] v = |§| . Prove this using the Sandwich / Squeeze Theorem:
11" cos(x3) "1 (#x$! )
Observe that X* >0, ! x>0 (we may assume this, Sncewelet x" #).
Divide all three parts by X*.
1 cog x° 1
Asx! ", | — # 5(4 ) #— ($x>0)
1 X "$# B X
0 "0
So," 0 .
by the Sandwich/
Squeeze Theorem
: % 1 .1
More precisely: XI!In] %wt Fz =0, and xl!lm' o 0.
' _ cos(xs)
Therefore, by the Sandwich / Squeeze Theorem, Xlllm — =0.
: X
. X . .
b) lim, ——-— Show all work, as in class. (6 points)
x! "2% x°" 3x" 10
, X , X Hoo " 2&
lim, —— = lim imit Fom — =
x! "2t x*" 3x" 10  x! "2+!x"+ ng) %ﬂr o ( m
ot 17
.+l , :
c) I||rn — Answer only is fine. (2 points)
r: (r5 + r)
: r*+1 . -
III m- ——== |§| , because we are taking a “long-run” limit of a proper
" (r5 + r)
(“bottom-heavy”) rational expression as ! " . The degree of the denominator

(10, since the leading term would be r*° after expanding the square) is greater
than the degree of the numerator (3).



"x+4, x!3 : : . .
2) Let f (X) =# . Classify the discontinuity at X = 3. Box in one:

$9, X=3
(2 points)
Infinite discontinuity ~ Jump discontinuity ‘Removable discontinuity‘

lim, f(x) = lim, (x+4) = 3+4 = 7" 9, whichis f(3).(The limit value and the

function value exist but are unequal.) If f (3) were 7, then f would be continuous at 3.

3) Use the limit definition of the derivative to prove that D_ (sz —x+ 7) =10x-1,
Vx e R. Do not use derivative short cuts we have used in class. (10 points)
Let f(x) =5x"—x+7.
2 2
) = Jim f(x+h2_f(x) - iy [5(x+h) —(x+h)]:-7}—[5x —x+7]
[5(x* + 20h+ )~ x = h+7 |~ [ 5" —x+7]

= lim

—0 h
i 5¢° +10xh+5h2 4 —h 7 =58 45 71
10 h

h

(1
2_ 5h-1
i 206058 =0 A0 SED) g g g
h—0 h h—0 }Z/ h—0
(1

= 10x+5(0)-1 = 10x—1. (QED,)

4) Let f (X) =log, (X) Consider the graph of y= f (x) in the usual Xy-plane.

Find a Point-Slope Form of the equation of the tangent line to the graph at the
point where x =16. Give exact values; you do not have to approximate.
(8 points)

f(16) = 10g4(16) = 2, so the point of interest is (16, 2) .

Find f '(16) , the slope m of the tangent line to the graph at that point.
£

)

D, [log . (x)] =D l:ln(x)] (Change—of—Base Property of Logan'thrns)

“| n(4)
ot s
f(16) = Lo ! (This is our desired slope, m.)

16m(4)" " In(#°)

Find a Point-Slope Form of the equation of the tangent line.

y—ylzm(x—xl)z y=2 x—16)

:16%@)(




5) Assume that X and y are differentiable functions of t. Evaluate D, (exy ) when
dx dy

X=3,y=5, a=2,anda=! 4. (8 points)

D, (exy) = !.exyg%Dt(xy)g = Le”%‘%%% + x%i(bytheﬁodud Rule)

= LM 506(2)(5) + (3)(( 4)g = e gouLo( 12§ = Lefo( 24 = |( 2¢"

6) Let f (X) =x>1 2x*1 4x+1. (14 points total)
a) Find the two critical numbers of f.

f1(x) = 3x*" 4x" 4 = (3x+2)(x" 2), which is never undefined (“DNE”) but

2
1sOat x=1 5 and X = 2. These numbers are in Dom( f ), whichis ! , so the

.. 2
critical numbers are:|! — and 2.

3
Note: We could use the Quadratic Formula (QF) with a=3, b=! 4,and c=! 4.

Cibxrr dac _ 1(14)x\(14)14(3)(14)  4:le6+as  4rves ars 214,
- 2a - 2(3) 23y e 6 3
2+4 6 21 4 12 2
X=——=—=2 0of X=—=_"—-=12
3 3 3 3 3

b) Consider the graph of y= f (x), although you do not have to draw it.

Use the First Derivative Test to classify the point at X =2 as a local
maximum point, a local minimum point, or neither.
f is continuous on ! , so the First Derivative Test (1 DT) should apply wherever
we have critical numbers (CNs). Both f and f! are continuous on ! , so use just
the CNs as “fenceposts” on the real number line where f! could change sign.

(not needed) | ! 2/3 Test x=0 2 Test x=3
f1sign
(see below) 0 ! 0 "
f N Wl
Classify point L.Min.
at CN (1* DT) Pt.
f !(x) = (3x+ 2)(x" 2)
f !(O) = (+) ( ) = " or Evaluate f! at0 and 3 directly.

nE= (+) () =+

Also, the graph of y = f !(X) is an upward-opening parabola with two distinct

n 0/
X-intercepts at ﬁl %, 0-8: and (2, 0) . The multiplicities of the zeros of f! are both

odd (1), so signs alternate in our “windows.” Answer: |Loca Minimum Point




c) Use the Second Derivative Test to classify the point at the other critical
number as a local maximum point or a local minimum point.

# 2&
f! % E( =0, so we may apply the Second Derivative Test for X = % .
fi(x) = 3" 4x" 4 #
fu(x) = 6x" 4 #
$, 2 $, 2 $, 2
fllgh —y = 6p"' —y"4="8 # fllg"— <0
& 30 ~ "% 3) & 3}
2 , ,
Therefore, the point at X =! 3 isa |LOCa| Maximum P0|nt‘.
. , 2
Think: Concave down (! ) “at” (actually, on a neighborhood of) x = 3
7) Evaluate the following integrals. (20 points total)
16 e‘f
a) | —=dx . Give an exact answer. (10 points)
9 \/;
Let u=+/x or x*? |
du=Ix"dx | du=——dx ! an ue: dx 2du
2 2% ?.& (
Method 1 (Change the limits of integration.)
x=9 | u=+9=3 1 u=3
x=16 | u=+16=4 1 u=4
x Vx
6@ 6 @ _ 6 . 1
| ——dx =21 ——dx (byConmpensation| = 2] e"*"—=dx
9 \/; =9 2\/; ( ) "9 2\/;

= 2!34 e'du = 2&@”% = 2(e4' e3), or 2e3(e' 1)

Method 2 (Work out the corresponding indefinite integral first.)

I e dx = 21 e dx (byCoerensatlon) =2le oo 1
24x

*Jx * 24X

= 2]e'du = 2¢'+C = 2¢" +C

dx

Now, apply the FTC directly using our antiderivative (where C = 0).

[ - [T - oo - o[+

= 2(e —e3), or 26°(e-1)




b) |
" x*+81

Hint: Consider the Chapter 8 material on inverse trigonometric functions!

dx (10 points)

1 du 1 L HU&
Use the template: rf— +C.
P " U’ +81 *81+u 9{(
Let u=x? ! u?=x*
" %
du=2xdx ! Can us xdx=1du-(
# 2 &
X X 1 2X )
| X=7I dx = 7"= 1 dx (by Compensation
* x*+81 * 81+ x* 2" 81+x* ( yLomp )
v 21
_ 7, du _7*1 an#1$g J+C = 1tan#1$x— +C
2° 81402 239 @l 187 &9)
du
=tan "(u)J+C
u "1+ UP ( ) )
|- ax = 7] dx=7] —% _dx= L% dx
X" +81 + X " 4% 81- X
1+
81
X
= — dx
81 " 20k
1+ ]
$9z
( 2 " 20/2 a +
*Let u:X—,or}x2 ! u?= 0o X -
* 9’ 9 “$o9s 81 i
* -
. duzgxdx ! gdu:xdx (oruseCorrpensation)'
)] 9 2 ;
() 2X
_ " Z[y
= l.g/gidx -1 du2 = 1tan°1(u)+C = | Lt X% C
gl 2! w2r 18/ 1402 18 18 #9g




8) The velocity function for a particle moving along a coordinate line (for t> O)

is given by v(t) =—- \/; , where t is time measured in seconds and velocity is
t

given in meters per second. The particle’s position is measured in meters. Find
s(t), the corresponding position function [rule], if s(l) =2 (meters). (9 points)

Jv(t)dt = J[%—\/;]dt = J(t_4—fl/2)df =

-3 3/2
s(t):t——t +C:—%—%z”+c
-3 3/2 3 3

Find C.
We know: S(l) =2 (meters).

s()=——-2(1)"+C

(1) 3
2:—1—2+C
3 3
2=-1+C
C=3 =

13—1—2t4(\/;)

3

2

9
1 25, 1 2
slt)]J=————=1t""+3, or 3————t\/;, or
() 3 3 3 3

9 —1-2¢"

or ————— (in meters)
37

9) The region Ris bounded by the X-axis, the y-axis, and the graphs of y = cos(x)

. .
and x = 1 in the usual Xy-plane. Sketch and shade in the region R. Find the

volume of the solid generated by revolving R about the X-axis. Evaluate your
integral completely. Give an exact answer in simplest form with appropriate
units. Distances and lengths are measured in meters. Hint: Use a Power-
Reducing Identity. (18 points)

Let f (x) = COS(X). Then, f is nonnegative and continuous on the x-interval [0, %}

y

; y=cos(x)

JZ radius = cos (x)
2

R




The region R and the equation y = cos(x) suggest a “dxscan” and the Disk Method.

V, the volume of the solid, is given by:
Vo= J.Oﬂ/4 71,'(radius)2 dx = J.:/4 72:[(:05(x)}2 dx =T J.OM cos’ (x) dx

=7 J.OM H—%s(bc) (by a Power-Reducing Identity) = %J:M [1 + cos(2x)] dx

r n/4
1 .
% X+ Esin(2x)} (by "Guess-and-check," or using u = 2x)

f=}

R B
5[zt [ovton)
5[50 0= 3(53) - 50 -

10) Rewrite tan[sin1 (gn as an algebraic expression in X, where 0 <x <5.

(7 points)

LetQ:sinl[gj (9 acute) = sin(@):%

25-x? < found by the Pythagorean Theorem

opp. x
00"~ | e

Note: Rationalizing the denominator is usually unnecessary if the radicand
involved is variable.

11) Find Dr[sin_l(sinh(r))]. (5 points)

Use the template: D, ysin'’ (u)@yO: ﬁ &D, (u)@
I u

" $ " $
“sin' ! (sin = &—1 (G in = &—1 "
D, ysin'" (sinh (1)), gm;%()#[)r(s h(r))$, gm-(yg#com(r)%

= Lh(r). Note: 1! sinhz(r) is not equivalent to coshz(f), but 1+Sinh2(r) is.
1! sinh?(r)




