QUIZ 3 (SECTIONS 11.1-11.5)
SOLUTIONS

MATH 151 - SPRING 2004 - KUNIYUKI
105 POINTS TOTAL, BUT 100 POINTS =100%

1) Find the limits. Write o or —eo when appropriate. If a limit does not exist, and
oo and —eo are inappropriate, write “DNE” (Does Not Exist). You do not have
to show work. (8 points total; 4 points each)

a) lim a,, where a, =4+(-1)"

DNE, because the terms of the sequence 3, 5, 3, 5, 3, 5, ... are not approaching a
single real number.

b) lim a,, where a, =7 —[g]

7, because (g} — 0 as n — oo, (Think: Geometric sequence with ‘r‘ = ‘g‘ = g <1.)

n=1 \/; n2

(You do not have to show work.)

2) Does the series Z{i — i} converge or diverge? Circle one:

Converges Diverges

(4 points)
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The series diverges, because it is a p-series with
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The series 2— converges, because it is a p-series with p =2 > 1.
n
n=1

The given series is a linear combination of the above two series (with nonzero weights 3
and —4), so the given series diverges.



3) Find the sum of the series 2(4” 53 ) (12 points)
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The sum, S, of the geometric series zar”_l (H < l) is given by S = IL'
—-r
n=l1
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4) State the Alternating Series Test for the series 2(— l) " a,,where all a, >0.

n=1

(6 points)
[The given series is clearly an alternating series. ]

If the {an} sequence is nonincreasing, and if a, — 0 as n — oo, then the given series

converges.

ie,If 0<a;, <aq, forall k> 1, and if lima, =0, then the given series converges.
n—0



5) The series Z(—l)n_l %/3 1s ... (circle one:)
n=1 n

(You do not have to show work.)
Absolutely Convergent ~ Conditionally Convergent Divergent

(4 points)
The series can be shown to converge by the Alternating Series Test (AST). It is an

alternating series of the form 2(—1)’1_1 a, , where all a, > 0. We know that % is
n

n=1

: . 3
nonincreasing for n 21, and that —— —0.
n

However, the corresponding “absolute value series” 2 diverges, because it is a

2/3
n=11

. e | C :
nonzero constant multiple of the series 22—/3, which diverges by the p-series test

i

6) True or False: If ) a, is a convergent positive-term series, then 2(—l)nan
n=1 n=1
must also be a convergent series. Circle one:
(You do not have to show work.)

W | N

True False

(4 points)

This is true by the Absolute Convergence Test (ACT). The series 2(—1)nan must

n=1

converge if its corresponding “absolute value series” zan converges.

n=1



Problems 7) and 8) are based on our discussions in class. Assume that all
hypotheses for the tests are satisfied, and you apply the tests correctly.
You do not have to show work. (8 points; 4 points each)

7) You use the Basic Comparison Test, and the test shows that the series Zan
n=1
converges. When you try to use the Ratio Test on this series, you find that
lim
n—o0

ntl| =1, Is this possible? Circle one:
an

Yes, it is possible. No, it 1S not.

The Ratio Test would be “inconclusive” in this case, which would not be inconsistent
with the result of convergence from the BCT. In fact, this often happens with algebraic

a,.

8) You use the Integral Test, and the test shows that the series Y, b, diverges.

n=1
When you try to use the Root Test on this series, you find that lim #/b,|=0.8.
n—oo
Is this possible? Circle one:
Yes, it is possible. No, it is not.

The Root Test would imply convergence in this case. This contradicts the result from the
Integral Test.

9) For each of the following series:

* Determine whether it converges (write “C”) or diverges (write “D”).

* Whenever you use a test for convergence/divergence, name it.
(You may abbreviate as in class.)

* Whenever you use the Integral Test, state the assumptions
(hypotheses) for the test and verify as we have done in class. Set up
and work out the integral using good form.

» Show work (as suggested in class). You may ask me if you can write a
particular statement without proof.

* You may use the back of the test if you run out of room. Write “SEE BACK”
and indicate the problem you’re working on.

(59 points total)



(8 points)

We have a positive-term series.

4/3

5 is an algebraic expression. The Ratio and Root Tests fail; they yield L = 1.
n —_—

Method 1: Basic Comparison Test (BCT)

4 4 4
/3 TE /3 1

n .
Compare with = = .
w22 W2 3 2

(Consider dominant terms in the numerator and the denominator.)

4/3 4/3
non [:1] (for all n> 3)

2
n/3

The inequality holds, because raising the denominator shrinks the overall value of
an expression, given that the numerators are the same, and all numerators and
denominators are positive for n > 3.

. N T B L
We know that the “little brother” series 2 -7 diverges, since it is a
n=3
2 N n4/3
p-series with p = 3 <1. Then, the “big brother” series 2 > must also
n=3 N~ 2
diverge (D).
Method 2: Limit Comparison Test (LCT)

Once again, use i b as the comparison series

g > 2/3 p *

n=3
43
‘ > ‘ 243
lim 2“=2 = lim -n?3

n—o0 1 n—o0 I’l2 — 2

273

. n’ poly .
= lim form ——; same degree in num., denom.
11—o0 n2 ] poly
=1 (ratio of leading coefficients in num., denom.)

. . - 1 . .
1 is a positive real number, and we know 2 —5 diverges (truncated p-series;
n=3
243

) o
p:ESI),so 2 3

n=3 N~ 2

must also diverge (D).



b) D, 8 (12 points)

=l (2n)!

The factorial hints at the Ratio Test.

8n+1
llm an+1 — 111’1’1 [2(I’l+1)]'
n—e | g, n—oo 8"
(2n)!
| B )
e (2n+2)r 8"
i 8 _C7)
n—seo | " (2n+2)!
= lim |8 - !
n—soo (2n+2)(2n+1)
-0
=0
<1

Therefore, the given series converges (C).

c) > (Use a Comparison Test.) (12 points)
n=l N+ 4"

We have a positive-term series.

Note: The Basic Comparison Test (BCT) would have failed (if you had used the

strategy suggested in class), because > < SR for all n>1. When
n+4" 4" \4

applying the BCT, you can't use a divergent "big brother" series to verify that the

"little brother" series diverges.

Let's use the Limit Comparison Test (LCT).

Compare > with 5—=[§} .

n+4" 4"

(Consider dominant terms in the numerator and the denominator, as we
did when we attempted the BCT.)



n
. .. < [5] .. : :
1 is a positive real number, and we know 2 [—] diverges (geometric series;

n=1

5 5 . "
‘ ‘_ H ==>1),s0 2 > must also diverge (D).
o n+4"

(4 points)

Notice that cos(n‘n) = (— l)n (for any integer n), which has no limit as #n — oo

By the n"-Term Test for Divergence, the series diverges (D).




e) D, ;3/2 (Use the Integral Test.) (23 points)
n=4 n(ln n)

State the assumptions (hypotheses) for the test and verify as we have done in
class. Set up and work out the integral using good form.

1 . . : : .
Let f (x) =—7 this is our continuous interpolating function for x = 4.
x(ln x)

Check the hypotheses of the test:
* f is positive-valued on [4,00).
Note that Inx >Inl1=0 for x >4.
* f is continuous on [4,00).
* f decreases on [4,00). Verify:

1

3/2

f(x)=——5
() x(lnx)

By the Reciprocal Rule (which is obtained from the
Quotient Rule),

3/2
Dx[x(ln x) J « Use the Product Rule.

[x(ln x)m}2

1=~

Again, note that Inx >Inl1=0 for x >4.



f'(x)<0 on [4,00)

Indefinite integral:

1
J——5
x(nx)
Let u=Inx
du—ldx
X
1
= Iﬁdu
= ju_3/2 du
-1/2
= C
-1/2
2
=——+C
Vu
2
=— +C
vVInx
Now:
o 1 t 1
| dx = lim | dx
) )c(ln)c)3/2 e 7 (lnx)3/2
B A
=lim|— 2 }
== Alnxl,
= lim _L _|:_L:|
l—ee VInt vIn4
—
*
-0

_ 2 (a real number)

vIn4

This integral converges, so the given series converges (C).



