QUIZ 1 (CHAPTER 14) - SOLUTIONS

MATH 252 — FALL 2007 - KUNIYUKI
SCORED OUT OF 125 POINTS = MULTIPLIED BY 0.84 = 105% POSSIBLE

Clearly mark vectors, as we have done in class. I will use boldface, but you don’t!
When describing vectors, you may use either < > or “i— j—Kk” notation.

Assume we are in our usual 2- and 3-dimensional Cartesian coordinate systems.
Give exact answers, unless otherwise specified.
1) Assume that a , a,, p,and ¢ are real numbers.

Prove that, if a = <a1, a2>, then (p + q)a = pa+ga . Show all steps! (10 points)

Let a=<al,a2>.

(p +q)< s ;)

=((p+a)a. (p+q)a)
= <pa1 + qal, paz + qa2>
=<pa1,pa > <qal,qa2>

=p< 9 2> <a1,a2>

Q.E.D.
Note: Many people who scored 4 points did the following:
(p+a)a=(p+a)a,a,)
= p<a1, a2> + q<a1, a2> < You're using the property you're trying to prove!

That's circular reasoning!

=pa+gqa

2) Write an inequality in x, y, and/or z whose graph in our usual three-dimensional
xyz-coordinate system consists of the sphere of radius 4 centered at the origin
and all points inside that sphere. (4 points)

The equation of the sphere of radius 4 centered at the origin: x* + y* +z> =16.

We also want all points inside that sphere, so our inequality is:| x* + y* +2z° <16.

Another approach: We want all points whose distance from the origin is at most 4.



3) Find all real values of ¢ such that the vectors ci+10j+ck and ci—2j—k are
orthogonal. (8 points)

The vectors are orthogonal < Their dot product is 0.

(ci+10j+ck)e(ci—2j-k)=(c,10,c)e{c,~2,-1)
=c"=20-c
=c’—c-20

Find the real zeros:
c?—c—-20=0
c+4)(c-5)=0

c=—4 or ¢c=5

4) Assume that a and b are vectors in V,, where n is some natural number.

Using entirely mathematical notation (i.e., don’t use words) ...
(8 points; 4 points each)

a) Write the Cauchy-Schwarz Inequality.

[a=b[<[a]]v]

b) Write the Triangle Inequality.

[2+p]<]a]+]v]

5) Leta, b, and ¢ be vectors in V. (4 points total; 2 points each)

a) (aOb)c is ... (Box in one:)

a scalar a vector neither, or undefined

aeb is a scalar, and a scalar times a vector is a vector.
Think: Scalar multiplication.

b) ax(bxc) is ... (Box in one:)

a scalar a vector neither, or undefined

In fact, this is a Triple Vector Product. b X ¢ is a vector, and a crossed with itis a
vector.



6) Assume that a, b, and ¢ are three nonzero vectors in V, such that axb=aXec.
Which of the following must be true? Box in one: (3 points)

1)  The vector a and the vector b — ¢ are parallel.

i1) The vector a and the vector b — ¢ are perpendicular (or orthogonal).

iii)y b=c.
axb=axe &
axb—-axc=0 &
ax(b—c)=0 =

all(b—c)

7) The line [ passes through the points P(—7, 2, O) and Q(4, -1, 5).
(10 points total)

a) Find parametric equations for /.
First, find a direction vector for / :
PO = <4—(—7),—1—2,5—0>

=(11,-3,5)

Use this direction vector together with one of the given points (say P) to obtain
parametric equations for /:

x==7+11t
y= 2-3t,tmR
z= 5t

b) Find symmetric equations for /.

Solve the three equations in a) for # and equate the resulting expressions for z.

x+7 y-2

z
11 -3 5




8) Consider the following two lines:

x= 3+t x=—2-3u
[:yy= 1-2t and [ : = 3+4+4u (t,ueR)
z=-54+3¢ z= 8-2u
(35 points total)

a) Find the point of intersection between the two lines.

Equate the expressions for corresponding coordinates, and solve the system:

3+t=-2-3u
1-2t=3+4u &
—-5+3t=8-2u

t+3u=-5 (Eq.l)
~2t—4u=2 (Eq2)
3t+2u=13 (Eq3)

Solve the subsystem with, say, the first two equations:

t+3u=-5 (Eq.1)
—2t—4u=2 (Eq2)

The unique solution is: (t =7, u= —4) .
Verify that (t =7, u= —4) satisfies Eq.3:

3t+2u=13, (1=7,u=-4) =
3(7)+2(-4)=13
13=13 (Checks out.)

Therefore, the two given lines intersect at the point for which
(t =7, u= —4) .



Find the intersection point:

We will substitute =7 into the equations for /.

(Alternately, we could substitute # =—4 into the equations for /,.)

x= 3+(7 =10
y= 1-2(7)=-13
z=-5+3(7)=16

The intersection point is: (1 0,-13, 16).

b) Find either one of the two supplementary angles between the given lines.
Reminder:

x= 3+ ¢ x=—2-3u
[:yy= 1-2t and [ :4yy= 3+4u (t,ueR)
z==-5+3¢t z= 8—-2u

Round off your answer to the nearest tenth of a degree.

A direction vector for / is given by a = <1, -2, 3> .

A direction vector for /, is given by b = <— 3,4, —2>.
Ingredients for our angle formula:

aeb=(1,-2,3)e(-3,4,-2)
= (1)(—3) + (—2)(4) + (3)(—2) ((— Maybe easier to skip.)

Jall= 1.2, 3)|= () +(-2) + (3 =s

2]

o f-24-2) =) + (o + (2 -



Find an angle:

0 =cos™ L ]
(HaHHbH
ool —17 . — cog! _i ~cos ' [—
= Ccos (\/ﬁ@] I:M. cos [ 406] oS ( 0.843696)}

~(147.5

Note 1: Because either of the direction vectors we found could be reversed, the
supplementary angle, about 32.5", would also have been acceptable.

Note 2: Some books require that arccosine values be written in radians, but we
won’t worry about that.

c¢) Find an equation (in x, y, and z) of the plane that contains the two given
lines. Reminder:

x= 3+ ¢ x=—2-3u
[:yy= 1-2t and [ : = 3+4+4u (t,ueR)
z==-5+3¢t z= 8—-2u

A direction vector for / is given by a = <1, -2, 3> .

A direction vector for /) is given by b = <— 3,4, —2>.

Since a and b are nonparallel vectors, we can obtain a normal vector n for our
plane as follows:

a><b:<1,—2, 3>><<—3, 4,—2)

i j Kk
=[1 -2 3
—3 4 -2
A A R s
4 -2 ~3 -2 _3 4
=(4-12)i = (-2-(-9))j + (4-6)k
=-8i—7j-2k
=(-8,-7,-2)

For simplicity, we can use the opposite vector as our n: n = <8, 7, 2>.



