(Lesson 28Estimating a Population Mean (If ! is OKnownO)) 281

LESSON 28: ESTIMATING A POPULATION MEAN u
(IF! IS"KNOWN")
How Do We Use the z Distribution to Estimate?

PART A: ASSUMPTIONS

In this Lesson, we will finc(l! ) confidence intervak (Cls) for a
population mean u under thesassumptions

¥ Thepopulation standard deviation(SD) ¢ is &known.O

This may seem like a strange assumption if we donOt evengknow

In the next Lesson, we will deal with the more practical case where
IS unknown.

¥ TheCentral Limit Theorem (CLT) applies.

Thatis, one or both of these is true:

a The origiral distribution is approximatelyormal:

approx.

X ~ Normal

(In fact, the distribution only has to be roughly normal if the
sample size is not too small.)

OR

a Thesample size is largdn > 30).
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PART B: CONSTRUCTING A (1! ") CIFOR i

A (l—oc) Cl for i, wheno is Oknown,O is given by:

,u=;iE

where themargin of error

et

That is,

=

These formulas make sense because:

¥ The CI foru is symmetric aboutx.
¥ Themargin of error E is theproduct of:

oz ., the positivecritical value (CV) from thez distribution,

which depends on treonfidence level(1-c)

a total in the two tails

| |

al2 al2
1-a

- ia/z Zé/z
Ccv cv

AND

Jn

It is theSD of the distribution fo& .

a (ij thestandard error o from theCLT.
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Rounding Rule fo¥

72

Round off the margin of errds to thesame number of decimal place
as the given value of the sample meaan
Note If we wanted to beonservativébasically, playing it safe),

we could roundip the value of to that number of decimal places.
This will tend towiden the resulting CI.

Example 1 (4 95% CI for a Population Mean,; Population SD Known)

A machine is designed to make cartons a016id ounceqfl 0z) of
ice creamThe amount of ice cream in the cartonapproximately
normally distributed with population SD 2.35 1l oz.

We take a random sample of é&tons. The sample mean is 1f1.@z.

Find a 95% confidence interval (Cl) for the population mean amount of ice
cream per cartatWrite the Cl in the formuy = x+ E and the form
(Iower limit, uppe Iimit). Interpret the Cl

Use these hints about thdistribution:

™\
/ \\
/o

AN

-1.96 1.96
Ccv Ccv

z

¢ Solution
Let u be thepopulation mean amount of ice cream per carton.
The methods of this Lesson apply because:
¥ We are finding &1 for a population mean u.
¥ We are assuming that thepulation SD ! is known.

¥ We are assuming that the ice cream amounts per carton are
approximatelynormally distributed , so theCLT applies.
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Thesamplesize n=19 cartons.

Thesample meanx =17.2 fluid ounces.

Thepopulation SDis assumed known: =2.3E fluid ounces.

Themargin of error
E=z ,jgo;((&
Un
#2.35&

) 1.9%(

) 1.1 #fluid ounces,
Weround the value oft to one decimal placebecause the value of
x, 17.2 [fluidounces], was.

A 95% confidence interval (Cl) fou is given by:

U=xxFE

p! 17.2+1.1 zin fluid ounces§
Thelower limit ! 17.2" 1.1 16.1§°Iuidouncesg
Theupper limit ! 17.2" 1.1! 18.3 #luid ounces¥

Our95% CI for u is:
(16.1f|uid ounas, 18.3fluid oun(Bs)

Interpretation:

We are 95% confident that this intercaintainsthe population mean
amount of ice cream per carton.

Think About It Whatshould the ice cream company do?

The cartons arsupposedo contain 16.0l oz of ice aeam, yet the
95% CI for the population mean doast contain 16.3l oz. Based
on this analysighe ice cream comparnassufficient evidence
against the claimthatthe population mean is 16.0 fl ozt may want
to recalibrate the machine so that it petssice cream in the ctons.
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Example 2 (4 99% CI for a Population Mean,; Population SD Known;
Revisiting Example 1)

We will repeat Example 1, except:

Find a 996 confidence interval (Cl) for the po_pulation mean amount of ice
cream per cartatWrite the Cl in the formuy = x+ E and the form
(Iower limit, uppe Iimit). Interpret the Cl

Use these hints about thdistribution:

\

0.99

~258 258 2
cV cV

¢ Solution

Let u be thepopulation mean amount of ice cream per carton.

The methods of this Lesson apply; see Example 1.

Thesamplesize n=19 cartons.

Thesample meanx =17.2 fluid ounces.

Thepopulation SDis assumed known: =2.3E fluid ounces.

-3

52

V19

~1.4 [ fluid ounees |

Themargin of error

Weround the value oft to one decimal placebecause the value of
x, 17.2 [fluid ounces], was.
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A 99% confidence interval (Cl) fou is given by:
U=xtE
u=172=x14 [in fluid ounces]
Thelower limit ~ 17.2-1.4 = 15.8 | fluid ounces |
Theupper limit = 17.2+1.4 = 18.6 | fluid ounces |

Our9%% CI for u is:
(15.8 fluid ounces, 18.6 fluid ounces)

Interpretation:

We are 99% confident that this intercaintainsthe population mean
amount of ice cream per carton.

Think About It Why is this Clwider than the one found in
Example 1?

Think About It What does thianalysissuggesthat the ice cream
company do?

The cartons arsupposedo contain 16.0l oz of ice cream, and the
9% CI for the population meatloescontain 16.G1 oz. Based on
this analysisthe ice cream company hasufficient evidence
against the claimthat the population mean is 16.0 fl 3here is
insufficientevidenceo suggest the need tecalibrdae the machine
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PART C: DETERMINING SAMPLE SIZE n

Before we draw a sample, it would be nice to know lege it should be so that
we have a certaioonfidence levebnd a certaimargin of error E.

Determining Sample Size(for Estimatingu)

For a(1-«) confidence levelnd a desirethargin of error E,
the required sample sizds given by:

where[ 1 is theceiling (or Oroundip® operator

2
¥ If(%j is aninteger greater than 30E (31, 32, 33, etc.) E

then take it as the desired sample size.
2
z O . : : :
¥ If(%j IS not an integer, thenround it up to the next integer.

¥ How do we obtain this formula?

We take the margin of error formuka= zm(iJ

Jn

and solve it for. We then round up (if necessary) to be
conservative.

¥ If we end up withe =30 or less, themn order to use these methods,
the original distribution should Bpproximately normal:

approx.

X ~ Normal
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Example 3 (Determining Sample Size n,; Revisiting Example 2)

In Example 2, ou®89% CI for u, the population mean amount of ice cream
per carton, was 2.8 fluid ounces wide, with a mafierror of 1.4 fl oz:

(15.8 fluid ounces, 18.6 fluid ounces)

The amount of ice cream in the cartonapproximately normally
distributed with population standard deviation2.35 fluid ounces.

Find the required sample size: that would give us anargin of error of
0.5 fluid ounces for 8% CI for u.

Interpret your result.

Use these hints about thdistribution:

/\

\

0.99 \\
— z

-2.58 2.58
cv cv
¢ Solution
)# 7 & +
n= ’ /2
*%0 E ( ,
)#(258)(2.39& "
g— (
: 0.5
=3147.04+
=148cartons
Interpretation:

We need to randomly sample 148 cartons of ice cream to be 99%
confident that theventual sample meanvill be within about 0.5
fluid ounces of the population mean amount of ice cream per carton.

¥ We sayeventual@ample mean because we havenOt foued! it
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PART D: THE DIFFICULTY OF REDUCING E

In Example 3, we needed a sample size of 148 to get a @l fbat looked like:

E=05 X E=05

M—» fl oz

At the same confidence level, what sample size would we need to cut the margin o
errorE in half (down to 0.25 fluid ounce®)

X
E=025 E=025
A —— P AP
<—H—> fl oz

z oY (z )20'2
We canrewrite n= [%j asn=|\ 2L _ |

There isbasicallyaninversesquare relationshibetweem andk.

¥ If you want the new margin of error to éahe old margin of error, the

sample sizex would have to benultiplied by about 4. In Example 3, we
would need a sample size of 589, whichhl®ut 4 times 148.

¥ If you want the new margin of error to éahe old margin of error, the

sample sizex would have to benultiplied by about 16. In Example 3, we
would need a sample size of 2353, which is about 16 times 148.

WARNING 1: It is more difficult to reduce the margin of erithan one might
think!
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PART E: ESTIMATING !/

One complication with our sample size formula is that we need to estimate
population SD. What are some ways of doing this?

¥ We could use treampleSD sfrom arelated study.

o LetOs say we are doing @dstof American men. We could usérom a
related study oall American adultgwhich, if anything, is likely to be
largerthan needed and that could give uscmnservativeestimate for the
required sample size Being conservative means erring on the side of
makingn larger than it needs to be.

¥ We couldegin samplingand use th®running valueO o sometime after the
sample size gets past 30.

o Our estimates could hgpdated later.

¥ From Lesson,Qve saw this rough means of estimating

The"Two D" (2! ) Rule for Estimating !

o Redligtic range
4
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LESSON 29: ESTIMATING A POPULATION MEAN u
(IF ! IS UNKNOWN)
How Do We Use t Distributions to Estimaje?

PART A: ASSUMPTIONS

In this Lesson, we will finc(l! " ) confidence intervals (Cls)for a
population mean u under thesassumptions

¥ Thepopulation standard deviation(SD) ¢ is unknown.

While we will use many ideas from the previous Lesson,
this Lesson will be far more useful.

¥ TheCentral Limit Theorem (CLT) applies.

That is, one or both of these is true

a The origiral distribution is approximatelyormal:

approx.

X ~ Normal

(In fact, the distribution only has to be roughly normal if the
sample size is not too small.)

OR

a Thesample size is largdn > 30).

Actually, there is more theory beyond the CLT involved in this
Lesson.
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PART B: CONSTRUCTING A (1! ") CIFOR i

A (l—oc) Cl for u, wheno is unknown, is given by:

u = XtE
where themargin of error

%

s
U1 %ﬁ&

E =

That is,

S

=3l 7

We use the distribution on(n! 1) degrees of freedom (df)

The final formula resembles the corresponding one from the previous
Lesson, when we assumed timatwvasknown:

There argwo differencesbetween thisormula and our new one:

¥ We useritical values (CVs)from ar distribution instead of the
z distribution.

¥ We use¢he sample Sy instead of the population S& .

Usings instead ofc throwsmore uncertainty into our analysis, so we are
forced towiden our Cls. Using CVs from a distribution (as opposed to the
z distribution) will lead to wider Cls.

If the number of degrees of freedom (df) gets very large¢hez distribution
Is sometimes used as a close approximation todstribution.
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Rounding Rule fo¥ (same as for Lesson 28)

Roundoff the margin of erroE to thesame number of decimal places
as the given value of the sample meaan
Note If we wanted to beonservative we could roundip the value of

E to that number of decimal placd8sis will tend towiden the resulting
Cl.

Example 1 (4 90% CI for a Population Mean,; Population SD Unknown)

The houses in Springfield have values thatag@roximatelynormally
distributed. Ten randomly selected houses are asse$hedsample mean
house valués $350,000, and the sam@® is $25,800.

Find a 90% confidence interval (Cl) for the population mésruse value in
Springfield Write the CI in the formu = xx E and the form
(Iower limit, uppe Iimit). Interpret the Cl

Use these hints about thdistribution on 9degrees of freedom (df)

0.90

, , t
-1.833 1833 &

Ccv CVv

¢ Solution

Let u be the populatiomeanhouse value in Springfield

The methods of this Lesson apply because:
¥ We are finding &1 for a population mean .

¥ We are assuming that fhepulation SD ! is unknown.

¥ We are assuming that theuse values in Springfielre
approximatelynormally distributed , so theCLT applies.
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Thesamplesize n=10 houses

We want tousecritical values (CVs)from ther distribution on &f, since
(nt1)=1011=09.

Thesample meanx = $350,000.

ThesampleSD s =$25800.

Themargin of error
"s%
E= L), ﬁﬁ'&
(1.83 " 25800%
% 0 &

( $14,955

A 90% confidence interval (CI) fou is given by:

U=xtE

w ! $350000+ $14,955
Thelower limit ! $350,000" $14,955 ! $335,045
Theupper limit ! $350,000 +$14,955 ! $364,955
Our90% CI for u is:

($335045 $364955)

Interpretation:

We are 906 confident that this intervabntainsthe population mean
house value in Springfield
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LESSON 30: ESTIMATING A POPULATION
PROPORTION or PROBABILITY p
How Do We Use the z Distribution to Estimate p?

PART A: ASSUMPTIONS

In this Lesson, we will finc(l! " ) confidence intervals (Cls)for a
population proportion or probability p.

For a fixed sample size we assume that we havéiaomial experiment.
If X is thenumber of successeshen we assume that ~ Bin(n, p).

Thesample proportion p= % wherex is thenumber of successewe see in our

sampleAlso, @=1! p.

We will use a normal approximation to a binomial distribution; see Lesson 23.
¥ To justify this, we need terify thatnp! 5 and ng! 5.

¥ Since we donOt know the values afidg, we use our values fgd and @
instead.
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PART B: CONSTRUCTING A (1! ") CI FOR p

A (l—oc) Cl for p is given by:

where themargin of error

_ /P@
E_Z!/z T
p=ptz,

These formulas make sense because:

That is,

¥ The CI fop is symmetric about P.
¥ Themargin of error E is theproduct of:

a z . the positivecritical value (CV) from thez distribution,

al/2?
which depends on treonfidence level(1-c)

AND

A A

Pq
n
X is the number of successes#itrials) as a random
variable. If X ~ Bin(n, p), then:

o]

approx.

X ! N(mean:np, SD = npq)

Thesample proportion as a random variable:

roX. I
p=2X" N z#mean =2, SD=—“npq§L
n " n n o
. approx. I $
Pzi ' Ngmean=p, SD= ﬂ&

n %
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Example 1 (4 90% CI for a Population Proportion or Probability)

A magicianOs coin is flipped 500 times. It conedeads 230 times.
Verify that normal approximations are appropriate in this problem.
Find a 90% confidence interval (ClI) for the probability that the coin comes

up heads on a flipi/rite the Cl in the forn(lower limit, uppe Iimit).
Interpret the CI.

Round off values ofp, ¢, andE to three decimal places.

Use these hints about thdistribution:

0.90

-1.645 1.645
Ccv Ccv

¢ Solution
Let p be theprobability that the coin comes up heads on a flip

Thesamplesize n =500 coin flips.
Thenumber of successes =230 heads.

X 230
Thesampleproportion p = — = — = 0.460.
pleprop P N 500

Also, = 1- p = 1-0.460 = 0.540.
Verify that normal approximations are appropriate in this problem.
np = (500)(0.460) = 230 > 5
(Note: np = x, the number of successes, or heads.)

ng = (500)(0.540) = 270 > 5

(Note: ng = the number of failures, or tails.)
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112 n

:1.64 5\/(0.46@(0.54@

500

Themargin of error

" 0.037
Avoid rounding until the last step.
A 90% confidence interval (Cl) fagris given by:

p=pxE
p! 0.460+0.037

Thelower limit ! 0.460" 0.037 ! 0.423
Theupper limit ! 0.460+0.037 ! 0.497
Our90% CI for pis:

(0.423 0.497)
Interpretation:

We are 90% confident that this intercaintainsthe probability that
thecoin comes up heads on a flip

Think About It What does this suggest about a claim that the coin is
fair?

¥ p=0.500 for a fair coin, so the fact that tr86% CI for p

doesnot contain 0.500 suggests that the coinasfair. There
Is sufficient evidence againsthe claim that the coin is fair

¥ Howerer, a95% CI for p would contain 0.500, so based on a
95% confidence level, thereiissufficient evidence against
the claim that the coin is fair

¥WARNING 2: Different confidence levels may lead us to
different conclusions!
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PART C: DETERMINING SAMPLE SIZE n

Before we draw a sample, it would be nice to know kege it should be so that
we have a certaioonfidence levebnd a certaimargin of error E.

Determining Sample Size(for Estimatingp)

For a(1-«) confidence levelnd a desirethargin of error E,
the conservativeestimate for the required sample sizs given by:

fz.)(o2g8
i B g

where[ 1 is theceiling (or Oroundip® operator

¥ How do we obtain this formula?

We take the margin of error formula= ,,2\/%@

and solve it for. We then round up (if necessary) to be
conservative. We obtain:

ol ze) oo
gy

The highest possible value @i is 0.25, so we use that in a
conservativeestimate for the required valuemnf

¥ Beware that it is too small, then our normal approximations may
not be valid, and our methods would be inappropriate.
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Example 2 (Determining Sample Size n)

A presidential candidate woulike to know the proportion of likely U.S.
voters who intend to vote for the candidate.

How many likely U.S. voters should we poll to @&% confidentthat our
sample proportiomwill be no more than 3.5%he Opoll margin of errooy
MOEOQO) away from thactual proportion? Usea@nservativeestimate.

Interpret your result.

Use these hints about thdistribution:

/ A\
0.95

L7

-1.96 1.96
Cv

¢ Solution

Write the (maximum allowable) margin of er®in decimal form:
3.5% is 0.035.

n:;;(zl/z)zﬂa)

PoE
_ "(1.96)2(0.25)(?/0

2 0
§ (ooay %
=784 likely U.S. voters

Interpretation:

We should randomly sample 784 likely U.S. voters to be 95%
confident that theventual sample proportionwill be no more than

3.5%away from the actual proportion of likely U.S. voters who intend
to vote for the candidate.

¥ We sayeventual@ample proportioawe havenOt found it yet!

¥ What is a Olikely U.S. voterO? That is always hugely controversial!
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LESSON 31: ESTIMATING A POPULATION
VARIANCE !/ *ORSD !/
How Do We Use * Distributions to Estimates? or o ?

PART A: ASSUMPTIONS

In this Lesson, we will finc(l! " ) confidence intervals(Cls) for a

population variance o> or apopulation SD ¢ under thisassumption

¥The origiral distribution isapproximatelynormal:

approx.

X ~ Normal

Our methods here arenOt as robusefse. A large sample size
wonOt help us as much.

PART B: CONSTRUCTING A (1! ") CIFOR #” or #

A (1-c) Cl for o is given by:

A (l—oc) Cl for ! isgiven by:

/nl fnl
%R ZL

We use they’ distribution on nI 1 degrees of freedom (df)
/2 is the right (greater) CV.

27 is the left (lesser) CV.
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¥ Wetake thesquareroots of all three parts of the compound inequality in
the first box (foro) to obtain theone in the second box (fer).

¥ These Cls amot symmetric about the point estimate$ ands.
There isno margin of error. The Cls araot of the form! > =s> + E
or!/ =stE.

¥ The sample meanis not directly a part of these formulas, at least after
we calculates® or s.

¥ Why is/ } in theleftmost parts of these compound inequalities?

~ 1
[tOs the same reason as \A;i,l’WE. For example, take:

n—1)s’ n—1)s’
(=)o (1)
ZR ZL
The numerators and the denominators of the fractions are all positive, and
the numerators are the same. The fraction witlgtbater denominatoris

: . 1
lesser in value like theg.

Rounding Rule fothe Limits of the Cls

Round off thdimits of the Clsto thesame number of decimal places
as the given value of treample variance® or thesampé SDs.

Note If we wanted to beonservative we could rounaiown thelower
limit and roundup the uppetimit. Think of this as Oroundirgut.O
This will tend towiden the resulting CI.
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Example 1 (90% Cls for a Population Variance and a Population SD)

By mass, hepills produced by a company approximatelynormally
distributed. We randomly select 20 pill§he sampleariance is 210 square

micrograms(mcgz) :

¥ a)Find a 90% confidence interval (Cl) for the populati@riance of the
mass of pills produced by the compawrite the CI ineitherthe form

lower limit <! > <upper limit or (Iower limit, upper Iimit). Interpret the
ClI.

¥ b)Also find a 90% confidence interval (Cl) for the population SD of the
mass of pills produced by the compawite the ClI in either the form

lower limit </ <uppe limit or (Iower limit, uppe Iimit). Interpret the CI.

Use these hints about the distribution on19 degrees of freedom (df):

[
[
|
|

/‘ 0.90

2
X194f

0 10117 30.144
cv cv
¢ Solution
Let o* be the populationariance of the mass of the pills produced by the
company

Let o be the population SBf the mass of the pills produced by the
company.

The methods of this Lesson apply because:
¥ We are assuming that fhifls by mass arepproximatelynormally

approx.

distributed. X ~ Normal
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Thesamplesize n =20 pills.

Thesamplevariance s* = 210 (mcgz) :

We want to useritical values (CVs)from the y* distribution on 19 df,
since(n! 1) = 20! 1 = 19.

¥ a)A 90% confidence interval (Cl)for ¢ is given by:

n2 "2
R L

o WARNING 1: Make sure to put the greater CV2, in the
leftmost part!

(20—1)(210)< , (20-1)(210)
30.144 10.117

132 meg’ <0” <394 mcg’
or 395mcg’ if Qounding ou®©

The90% Cl for o can be written ag132 meg’, 394 meg’)
or (132 mcg’, 395 mcg2)

Interpretation:

We are 90% confident that this intereaintainsthe population
variance of the mass of the pills producedhs company.
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¥ b)A 90% confidence interval (Cl)for ¢ is given by:

/nl /nl
%R %L

\/2011 210< <\/ (201 1)(210)
30.144 10.117

o WARNING 2: Don@ just computey132 andv/394 based
ona); you may lose accuracy!

12mcg <! <20 mcg
or 11mcg
if Gounding ou®

The90% CI for o can be written as(:LZ mcg, 20 mcg)
or (11 mcg, 20 mcg)

Interpretation:

We are 90% confident that this intereaintainsthe population SD of
the mass of the pills produced by the company.



